1 3agaua
Let Y ,en Gy, be a convergent series. Is it possible for ¥,y a2%?3 to diverge?

ITycTh psin Y. pen A ABISCTCS CXOASIIAMCS. BO3MOXKHO JIM TaKOE, YTO P/

¥ nen @20%3 pacxoauTes?

Y en Oy, KMHAKTBI KaTap 6epiiciH. Y, ey @223 KaTapsl sKMHAKCHI3 60TYBl MYMKIH

oe?

Solution. It is possible. Consider the series:

11 11 11
Y an=by =gy —sby by = by = by 4 ek by = by = by

neN

Here, we define b,, = for all n € N. Clearly, the series is convergent because partial sums

1
2023\/%
of the first 3n terms are equal to 0, i.e., S3,, = 0 and other sums differ by infinitesimal values.
Now notice that:

2023

b1 2023 b1 2023 b 2023 b
R R R O e

neN
1 1 1
_ 12023 2023 2023
= by <1 - 22022) + b3 <1 - 22022) +et by (1 - 22022) te
1

= (1 - —22022) - (b3023 4 p2023 4 ... 4 p2023 4 .,

Partial sums of the first 3n terms of the new series are equal to
1 1 1 1
(1=5m) (143434 +3)

The latter expression tends to infinity, since it is a harmonic series, thus the series Y.,cy @222
diverges.

Cxema Oll€eHUBaHUA:

OtBet ObL1 yrajan (0 6ay10B)

BriOpan nogxoasmuii cxoasuuiics psa (+4 6ama)
[TokazaHo, yTo BEIOpaHHBIN psia cxoauTces (+1 6armr)
IToka3aHo, 4To PAL Yopey a2°?3 pacxomurcs (+5 6amn)

Nmerorcst He3HauuTenbHbIe apudmernyeckue omuoku (-1 6amr)



2 3apgava

Find all natural numbers n such that polynomial p,,(x) = (x + 1)™ — x™ — 1 is divisible by
xZ+x+1

Haiigure Bce HaTypaibHBIC YHCIIa N TAKOE, YTO MOJTMHOM Py (X) = (x + 1)™ — x™ — 1 menutcs
Hax?+x+1

pn(x) = (x + 1)™ — x™ — 1 nonuHoMBI X2 + x + 1 IIONMHOMBIHA GOJIIHETIH GApIbIK 7. HATYpa
CaHJapbIH TaOBIHBI3
Kpurepuii onieHuBanus:
He npaBuinbHbIN IOAXO0N
3a HaxOXAECHHE BYX TaKuX N +1 Gamn
3a HaxoKJeHue OoJee IByX TaKuX N U OTBET 0e3 J0Ka3aTelbCTBa +2 Gayna
[IpaBUIIBHBIN TOAXOA

3a HaXOKJEHHE KOMIUIEKCHBIX KOpHEH nonuHoma X2 + x + 1 u +3 Gamna
pPacCMOTPEHHE 3TUX KOPHEN B IIOJIIMHOME Py, (X)

3a pemenue cucteMsl (1) +4 6amna

3a IpoBepKy, 4To BTOPOil KopeHb x2 + x + 1 B nonunome pj, (x) +3 Gayta
MpUBOAUTCS oOpaTHO K cucteme (1)

3a apudmeTHIeCKrne HETOYHOCTH (B 3aBUCUMOCTH OT CEPE3HOCTH) -1 Gamn
Solution. Lets find roots of the polynomial z? + 2 + 1: roots are z; = —% — éz and xo = —% + @1 So,

polynomial p,(z) is devisible by z? +x + 1 iff pn(x) has roots z1 and z2. Lets find n such that p,(z1) = 0:

LoV (1 vaY AN SRRV AN
pn(m1)—(—§—Tz+1) —(—5—72) —1—(5—71) —(—5—71) —-1=

nw niw nw niw
= —2sin(——) -sin(—) +¢-2-sin(—) -cos(——) —1 =0
(=) -sin(5) (%) - cos(—=2)
The last equation is equivalent to the following system
: nmw - nwy 1
(1) { qln(g) - sm(E) :%
sin(%g) - cos(%5) =
Solution of the system on naturals is n = 1 + 6k and n = 5 + 6k.
Its remains to check second root. By the same reasoning we can see that the equiation p,(x2) = 0 is
equivalent to the system (1).

Answer is n = 1+ 6k and n = 5 + 6k, where £ € N U {0}.



3 3apgaua

English:
The function f: (1; +o) — Ris differentiable on its domain. It is known that for all x > 1

For=f(3g) + o
Also, lim Z2 = 2. Prove that f(V2+1) <28

X—00

Russian:
®yHkuma f: (1; +0) - R guddepeHumpyema Ha obnactm onpegeneHuns. M3sectHo, 4To ann
Bcex x > 1

For=f(37) +

Kpome Toro, lim e( = 2. llokasuTe, uto (V2 + 1) < 28,

Kazakh:

f:(1;4+00) = R dyHKUMACHI aHbIKTANy obabicbiHAa anddepeHumanganaabl. bapabik x > 1
YLWiH

For=f(37) +

f()

TeHAiri opbiHAANaTbiHbI 6enrini. CoHbIMeH KaTap, llm = 2. Keneci TyXblpbiMAbl

panenpeis: (V2 + 1) < 28

Marking
Main steps:

1. Substitution t = ? was found (2 points)
2. It was found that f (Hl) f'(t) (3 points)

3. Equation f (x) = Cex+ﬁ was found (6 points)

’ 2
4. Equation f (x) = 2e**tx1 was found (7 points)
5. Proof of main statement (10 points)
Additional steps

1. Substitution x = v/2 + 1 to the original equation was made (+2 points)

How to mark

e Check with "Main steps”: find until what step did the student write his/her solution, then put
the mark of that very step.

* Check with “Additional steps”: find what steps did student write? Put corresponding marks
for all steps.



