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NOTATIONS

The following notations are used in this dissertation:

M

a variety of algebras defined by some set of identities

a class of all algebras of the types A(Y) defined by {x,y} = xy + yx
a class of all algebras of the types A(™) defined by [x, y] = xy — yx
a free nonassociative algebra generated by set X

a free Zinbiel algebra generated by set X

a free Tortkara algebra generated by set X

a free special Tortkara algebra generated by set X
n-th homogenous part of T (X)

the shuffle product of a and b

Isx; o xp X fora =iy - ip_q iy

is a skew-right-commutative element of the form
Xi, X X~ X X xp x fora =iy -
the i-th commutator ideal of A

is spanned by {abla € A,b € B}

is spanned by {[a,b]|a € A,b € B}

the ideal of A generated by [A4, B].

the space of all cocycles 8 : A X A — V

the space of all coboundaries® : A X A — V

the second cohomology space defined as Z2(4,V)/B%(4,V)
the annihilator of 6

the automorphism group of the algebra A

Jj-th i-dimensional nilpotent non-pure assosymmetric algebra A with
identity xyz = 0

Jj-th i-dimensional nilpotent pure assosymmetric algebra A without
identity xyz = 0

i-dimensional algebra with zero product

Jj-th i-dimensional central extension of A

ln—-1 ln



INTRODUCTION

The presented dissertation is devoted to the special Tortkara algebras and
nilpotency of assosymmetric algebras associated with Lie ideals and their algebraic
classification in low dimensions.

The class of Tortkara algebras is a new class of nonassociative algebras
discovered by A. Dzhumadil’daev [1]. Nonassociative algebras play an important role
in many areas of mathematics. It is known that nonassociative algebras, such as Lie
and Jordan algebras, arose within the framework of physics and have been extensively
developed due to their applications in this field of science. Therefore, the classical
theory of nonassociative algebras is mainly based on the study of Lie and Jordan
algebras.

Let M be a variety of algebras defined by some set of identities. We define

M) and M ) as the classes of all algebras of the types A and A defined by the
anticommutator {x, y} = xy + yx and the commutator [x, y] = xy — yx, respectively
on the same vector space of A € M for all x,y € A. These two products usually
connect two different known varieties of algebras, sometimes leading to new
interesting classes of algebras. A classic example of such an approach is the variety of
associative algebras. Recently, there has been a wide interest in studying other new
types of nonassociative algebras over the commutator and anticommutator, such as
Novikov, assosymmetric, bicommutative, Leibniz, and other algebras [2 — 6].

The commutator and anticommutator algebras of an associative algebra are
known to satisfy Jacobi and Jordan identities, respectively. According to the well-
known Poincare-Birkhoff-Witt (PBW) theorem, there are two independent identities,
namely anticommutativity and Jacobi identities, which provide a complete list of
identities for the commutator algebra of an associative algebra. This means that every
identity satisfied by the commutator product in every associative algebra is a
consequence of anticommutativity and Jacobi identities. However, the situation is
different in the case of the anticommutator, as there is no embedding theorem. P. Cohn
in [7] showed that a free special Jordan algebra with three generators has an exceptional
homomorphic image. Consequently, there is no analogue of the PBW theorem for
Jordan algebras. Also, it is known that the Glennie identity of degree eight exists, which
is not a consequence of commutativity and Jordan identities. In this situation, many
different interesting questions arise: studying the speciality of Jordan algebras, finding
special identities, and others. In 1956 Shirshov proved that every Jordan algebra with
two generators is special. This result gave further development of the theory of Jordan
algebras. In this dissertation, we prove analogies of Cohn’s and Shirshov’s theorems
for the free special Tortkara algebras.

Another important question in this line of research is the search for criteria to
determine whether an element of free algebra is a Lie or a Jordan element. Let A(X)
be a free algebra on a set X of M. An element of the algebra A(X) is called a Lie
element if it can be expressed by elements of X in terms of commutators. Similarly, an
element of A(X) is called a Jordan element if it can be expressed by elements of X in
terms of anticommutators. There are two well-known Lie criteria for free associative
algebras: the Specht-Wever-Dynkin criterion [8, 9] and the Friedrich criterion [10].
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Jordan elements in free associative algebra were described by P. Cohn [7, p. 259] only
for the set of generators containing no more than three elements. He showed that an
element is Jordan if and only if it is symmetric under the involution map. Using this
criterion, some structural results concerning the theory of Jordan algebras were
obtained. Based on Cohn’s result D. Robbins developed the study of Jordan elements
in the free associative algebras [11]. But here, we give both Lie and Jordan criteria for
elements in a free Zinbiel algebra.

A. Dzhumadil’daev proved that Zinbiel algebra under commutator satisfies the
anticommutativity and Tortkara identities [1, p. 3911]. M. Bremner in [12], using
representation theory, studied special identities in terms of the triple product of
Tortkara defined as [a, b,c] = [[a, b],c] in a free Zinbiel algebra and discovered
identities in degrees five and seven in terms of the triple product. Recently, some
geometric interpretations of Tortkara algebras have emerged in data science [13, 14].
The algebraic and geometric classifications of 5- and 6-dimensional Tortkara algebras
were obtained in [15 — 17]. P. Kolesnikov in [18] shows that the class of all special
Tortkara algebras does not form a variety. In the anticommutator case, he showed that
there exists a homomorphic image of a free anticommutator algebra from a single
generator, which is not embedded in the anticommutator algebra of the Zinbiel algebra.
In addition, he asked a question about the maximum number of free generators for
which all homomorphic images of a free special Tortkara algebra are special. The first
part of the dissertation is devoted to the study of the above questions for Zinbiel and
Tortkara algebras.

The second approach in our investigation is determining the structure of a Lie-
admissible algebra when its related Lie algebra satisfies certain properties. Many of the
properties of commutator subgroups had analogues in the theory of associative algebras
in [19], with a suitable definition of “commutator ideals”. Jennings in [19, p. 341]
extended the concepts of a “nilpotent group” and a “solvable group” to a ring. He
proved that if 4 is an associative algebra over a field with characteristics not equal to
2, if the associated Lie algebra is solvable, then A is solvable. Moreover, he obtained
that if A is an associative algebra whose associated Lie algebra is nilpotent, then the
ideal Ao A of A is generated by the set {ab — ba|a,b € A} is nilpotent. In [20]
established that if A is an associative algebra over a field [F whose associated Lie
algebra is solvable, and if the characteristic of [F is neither 2 nor 3, then A o A is nil. If
the associated Lie algebra of the associative algebra A over a field of characteristic p >
0 is either nilpotent or solvable with p > 2, then the ideal A o A is nil of bounded index
[21]. Assosymmetric algebras are introduced by Kleinfeld which come close to being
associative [22]. Assosymmetric algebras as associative algebras under commutator
are Lie-admissible algebras [23]. Kleinfeld proved that an assosymmetric ring of
characteristic different from 2 and 3, without ideals I # 0, such that I? =0 is
associative. In addition, assosymmetric algebras were studied in [24 — 26]. The basis
of free assosymmetric algebras was presented in [27]. Pokrass and Rodabaugh proved
that each solvable assosymmetric ring of characteristics different from 2 and 3 is
nilpotent [28]. We are continuing the investigation of Lie-admissible algebras such as
assosymmetric algebras in terms of their associated Lie algebras.



The third considered problem is the classical problem in nonassociative algebra
theory is to classify (up to isomorphism) the algebras of dimension n arising from a
given variety described by a set of polynomial identities. It is common to concentrate
on small dimensions, and there are two basic classification approaches: algebraic and
geometric. These two methodologies have been used to study associative, Jordan, Lie,
Leibniz, Zinbiel, and others, see [29 — 35] and references therein. We focus on the
classification of the finite-dimensional nilpotent assosymmetric algebras. The key step
of the method of algebraic classification of nilpotent assosymmetric algebras is the
calculation of central extensions of small dimensional algebras. Firstly, Skjelbred and
Sund devised a method for classifying nilpotent Lie algebras employing central
extensions [36]. Moreover, the method was used to describe different varieties of
nilpotent algebras of small dimensions such as the 4-dimensional nilpotent: associative
algebras, Novikov algebras, bicommutative algebras, and Zinbiel algebras [32, p. 4, 37
— 39], all the 5-dimensional nilpotent Jordan algebras [34, p. 216], all the 6-
dimensional nilpotent Lie algebras [33, p. 646], all the 6-dimensional nilpotent Malcev
algebras [40] and some others.

The goal of the research. The goal of this research is to continue the study of
Zinbiel algebras and assosymmetric algebras with respect to commutators.
Specifically, the research aims to study homomorphic images of free special Tortkara
algebras using Lie elements in the free Zinbiel algebra and provide an answer to a
question previously posed in [18, p. 70]. An analogy of the classical Cohn’s theorem
in Jordan algebras for free special Tortkara algebras is also obtained. Furthermore, the
research aims to generalize some properties of associative algebras to assosymmetric
algebras related to Lie ideals. The final part of the research is devoted to the algebraic
classification of nilpotent assosymmetric algebras, developing a unified algorithm
using Wolfram Mathematica code to reduce the computational parts of the
classification problem for finite dimensional nilpotent algebras and demonstrate it with
a new classification of nilpotent assosymmetric algebras [41 — 43].

General methodology of the research. We use methods of structural and
combinatorial theory of free Zinbiel and assosymmetric algebras. We study the basic
methods of constructing central extensions of nonassociative algebras. We obtain the
algebraic classification of small dimensional nilpotent assosymmetric algebras by the
Skjelbred-Sund classification method [43, p. 154].

Scientific novelty. The main results of the first part of the dissertation are as
follows:

- The criteria for determining Lie and Jordan elements in a free Zinbiel algebra
1S obtained;

- A basis for a free special Tortkara algebra is described;

- An exceptional homomorphic image of a free special Tortkara algebra with
three generators is constructed;

- An analogue of Cohn’s theorem for a free special Tortkara algebra is proved.
That is, the speciality of any homomorphic image of a free special Tortkara algebra
with two generators is proved;

- It was proved that there is no special identity with two generators.

For every assosymmetric algebra A we form a series of ideals
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H1:=A, Hi+1:= loA fOT' 1,21.

It is said that A is of finite class if H, = (0) for some positive integer n. For the
minimal integer n such that H,, = (0), we call n — 1 the class of 4 [19, p. 343].

The main results of the second part of the dissertation are as follows:

- It was obtained that if A be an assosymmetric algebra of finite class, then A o A
is nilpotent of nilpotent index less or equal to the class of 4;

- It was proved that Id(A[i])Id(A[j]) c Id(A[i+j_1]) if i or j is odd for every
assosymmetric algebra A, where Id(Ay;) is the commutator ideal of A;

- The algebraic classification of nilpotent 4-dimensional assosymmetric algebras
1S obtained;

- The algebraic classification of nilpotent 5- and 6-dimensional assosymmetric
algebras with one generator is obtained.

Theoretical and practical significance. The theoretical significance of this
work lies in advancing the understanding of the structures of algebras and PI-theory.
The results obtained in this research can be used to develop the theory of these
structures further and to gain a deeper understanding of how they behave. Additionally,
the findings can be applied to the study of finite dimensional assosymmetric algebras
and free Tortkara and Zinbiel algebras.

In terms of practical significance, the results of this research can be used in
various fields that rely on the use of algebras, such as mathematics, physics, and
computer science. The results can also be used to improve the methods used to classify
algebras and to develop new algorithms for solving problems related to algebras.

Publications. During the period of doctoral studies, 7 publications were
published in international journals. Scopus and Thomson Reuters index these journals.
The main results on the topic of the dissertation were published in the form of articles
in peer-reviewed journals [41 —44]. There are 3 articles that are not related to the topic
of the dissertation [45 — 47]. Moreover, the authors of the published work [43] were
awarded the Leader of Science Web of Science Award 2020 in the category of the most
cited author from Kazakhstan by Clarivate Analytics.

The results of this dissertation were reported at:

- “Annual Scientific April Conference”, Institute of Mathematics and
Mathematical Modeling (2022, Almaty, Kazakhstan);

- the scientific seminar of the Institute of Mathematics named after V.1
Romanovsky (2021, Tashkent, Uzbekistan);

- the scientific seminar of Astana IT University (2021, Nur-Sultan, Kazakhstan).

- I International Workshop on “Non-Associative Algebras in Malaga”,
University of Malaga (2020, Malaga, Spain);

- the regular scientific seminar of the School of Mathematics and Cybernetics of
the Kazakh-British Technical University (2019-2021, Almaty, Kazakhstan);

- the algebraic seminar of the Faculty of Engineering and Natural Sciences of
the Suleyman Demirel University (2019-2021, Kaskelen, Kazakhstan);



The structure and scope of the thesis.

The dissertation consists of an introduction, three chapters, a conclusion, a list
of references, and an appendix, for a total of 86 pages.

In Chapter 1, the fundamental notions and properties of nonassociative algebras
are defined and recalled. Additionally, known results about specific types of
nonassociative algebras, such as Jordan, Zinbiel, Tortkara, and assosymmetric
algebras, are presented.

The next chapter is devoted to the study of free Zinbiel algebras over a
commutator. The first section of this chapter is dedicated to obtaining the main lemmas,
which are subsequently used to prove the main theorems of the chapter.

Let X = {xq,x,,...}and Zin(X) be a free Zinbiel algebra on X. Define a linear
map p: Zin(X) — Zin(X) on base elements as follows

p(x;) = —x;,
p(xixj) = XjXi,
p (xilxiz X yz) = Xi, Xi, X ZY, mz=1

where y, z € X.

The first main result of this chapter is the following theorem, which gives us the
Lie criterion for elements in a free Zinbiel algebra:

Theorem 2.2.8 Let f be a Zinbiel element of Zin(X). Then f is a Lie element if
and only if p(f) = —f.

The next theorem demonstrates a base of free special Tortkara algebra:

Theorem 2.2.9 The set of skew-right-commutative elements x,, where a € I',
forms base of ST (X).

Moreover, we show that every identity with two generators is a consequence of
anticommutativity and Tortkara identities:

Theorem 2.4.2 The free Tortkara algebra T ({x,y}) is special.

The next theorem is an analogue of Cohn’s theorem on the speciality of
homomorphic images of the free special Jordan algebras with two generators [7, p.
261]. For a free special Tortkara algebra with three generators, we have an exceptional
homomorphic image, we show this by constructing a counter-example.

Theorem 2.5.1 Any homomorphic image of a free special Tortkara algebra with
two generators is special. For the three generators case, this statement is not true. a
homomorphic image of special Tortkara algebra with three generators might be non-
special.

The results of Chapter 2 were published in [44].

The third chapter of this dissertation focuses on the study of assosymmetric
algebras of finite class and commutator ideals of assosymmetric algebras. The main
objective of the initial section is to examine the properties of assosymmetric algebras
of finite class and demonstrate that they possess similar characteristics to associative
algebras of finite class. The results obtained in this section can be used to further
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develop the theory of assosymmetric algebras and gain a deeper understanding of how
they behave. The last part of this chapter is devoted to the algebraic classification of
nilpotent assosymmetric algebras, where a unified algorithm is developed using
Wolfram Mathematica code to reduce the computational parts of the classification
problem.

We obtain an analogue of Jennings’ result from [19, p. 346] for assosymmetric
algebras:

Theorem 3.1.6 Let A be an assosymmetric algebra of finite class. Then A o A is
nilpotent of nilpotent index less than or equal to the class of A.

We have a generalization of of Corollary 1.4 in [48] for associative algebras.

Theorem 3.1.8 Let A be an assosymmetric algebra. Then we have the following

The results of this section were published in [49].

The final section of this chapter concentrates on the algebraic classification of
finite dimensional nilpotent assosymmetric algebras. The section starts with an
overview of the necessary background information to apply the well-known Skjelbred-
Sund classification method and the algorithms we follow in writing the code. We
provide new results to illustrate our unified symbolic computational approach.

Theorem 3.2.5 Let A be a nonzero 4-dimensional complex nilpotent
assosymmetric algebra. Then, A is isomorphic to one of the algebras listed in Table
A.1 in Appendix A.

Regarding the 5 and 6-dimensional nilpotent assosymmetric algebras, applying
the same algorithm we have the following theorem:

Theorem 3.2.7 Let A be a 5- or 6-dimensional complex one-generated nilpotent
assosymmetric algebra, then A is isomorphic to an algebra from Table A.3 or Table
A.5 in Appendix A.

The results of this section were published in [41 —43].
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1 THEORETICAL FRAMEWORK

This chapter presents the main notions, definitions, and theorems that we need
in our theorems and in their proofs. In addition, in the last sections, we recall some

known results in the theory of Jordan, Zinbiel, Tortkara and assosymmetric algebras.
It 1s based on books [50 — 52].

1.1 Basic properties of algebras
Let A be a vector space over a field F with given bilinear mapping (usually called
multiplication) (x,y) - x oy on A X A - A such that

(x+y)oz=x0z+yoz
xo(y+2z)=xo0y+xoz,
AMxoy) = (Ax) ey =x o (1y),

where for A € F and for all x,y,z € A. Then A is called an algebra over field F. The
multiplication x o y is often abbreviated by xy. The dimension of the algebra A is its
dimension as a vector space. The algebra A is finite-dimensional if 4 is a finite-dimen-
sional vector space.

Let X be a set. The free nonassociative algebra F[X] over a field F from the set
of generators X is defined by the following universal property: For any algebra A, any
mapping X — A can be uniquely extended to the algebra homomorphism F[X] — A.
The cardinality of the set X is called the rank of F[X]. We can construct the free algebra
F[X], using a set K[X] of nonassociative words of the set X which is defined
inductively:

x € K[X], Vx€X,
x1%2, %1 (V), W)xz, (W) (W) € K[X]
for x;,x, € X, v,w € K[X]. No other sequences of the elements from X and brackets
are not contained in K[X].
Let us define the multiplication on K[X] as

X10Xy = X1X3, X1 0W =x,(W),vox, = (W)xy,wov =(w)).

Now we consider F[X] to be a set of formal sums
O awjle; € F,w; € K[X]}
j

and extend the operation of multiplication defined on K[X] to F[X] by the rule
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Q@Y B = ) aifilw; o),
j l. _.

Ji

where a;, B; € F and w;, v; € K[X]. We obtain the free nonassociative algebra F[X]
over a field F from the set of generators X. The elements of F[X] are called
nonassociative polynomials of (noncommutative) variables from the set X.

A monomial is a polynomial with only one term, which can be written in the
form of au, where « is a scalar from the field F, and u is a polynomial in the variables
X. The degree of a monomial is the length of the word u. The degree of a polynomial
is the highest degree of its monomials. A monomial au is said to have a multi-degree
(ny, ..., ny) if it contains x; exactly n; times, n, # 0,n; # 0;j > k. A homogeneous
polynomial is a polynomial where all monomials have the same multi-degree.

A homogeneous polynomial is called multilinear if it i1s linear in any of its
variables (it is homogeneous of multidegree (1,1, ...,1)).

The linearization of homogeneous polynomials is useful in the study of identities
of algebras and in the study of varieties. The process of the linearization is described
in detail e.g. in [51, p. 24].

Let A be an algebra over a field F with multiplication o. The multiplication x o y
is often abbreviated by xy. A nonassociative polynomial f = f (x4, x5, ... x;) is called
an identity of the algebra A if f (a4, a,, ..., a;) = 0 forany a; € A, wherei = 1,2, ..., k.
We say that A satisfies the identity f or that the identity f is valid in A.

For example, an algebra A is commutative if it satisfies the identity xy = yx for
all x, y € A. The algebra is called noncommutative if it is not commutative.

An associative algebra is an algebra with identity

(a,b,c) = (ab)c — a(bc) = 0.

An algebra is nonassociative if the above identity is not satisfied.
An algebra is assosymmetric algebra if it is defined by the following identities:

xy2z) = (xzY), xy.2) = x2),

where (x,y,z) = (xy)z — x(yZz).
A nonassociative algebra with identity

a(bc) = (ab)c + (ba)c (1)

is called (right)-Zinbiel algebra. Such algebras are called dual of Leibniz or Zinbiel
(read Leibniz in reverse order) algebras. Zinbiel algebras were introduced by J-
L.Loday in [53].
An algebra A is anticommutative 1f it satisfies the identity
x2=0 (2)

12



for all x € A. This implies that xy = —yx, and the converse holds in characteristic #
2.
The Jacobian in an anticommutative algebra is defined by

J(x,y,2) = (xy)z + (y2)x + (zx)y.

A Lie algebra L is an anticommutative algebra satisfying the Jacobi identity

J(x,y,2z) =0,

forall x,y,z € L.
Anticommuative algebra with Tortkara identity

(ab)(cb) =J(a,b,c)b (3)

is called Tortkara algebra [1]. If the characteristic of the field is different from two,
then the identity (3) has the following multilinear form

(ab)(cd) + (ad)(cb) = J(a,b,c)d + J(a,d, c)b. 4)

An algebra | is called Jordan algebra, if it is a commutative algebra with the
following identity

(x%,y,x) =0 )

for all x,y € J [52].

A subalgebra B of an algebra A is a closed under multiplication: BB < B (i.e.
for any a, b € B the product ab belongs to B). A (two-sided) ideal I of an algebra A is
a subalgebra closed under multiplication by A4, i.e.

Al + 1A c 1.

Ideals 0 and A of the algebra A are called improper ideals. The theory of nonassociative
algebras defined two subsets of A which do behave associatively: The nucleus N(A)
(or the associative center) of an algebra A is the set of elements z € A which associate
with every pair of elements a, b € A in the sense that (z,a,b) = (a,z,b) = (a,b,z) =
0 That is

N(A) ={z€A|(z,4,A) =4,z A4A) =(4,4,z) =0}
The center Z(A) of an algebra A is the set of all elements z € A which commute and

associate with all elements in A. That 1s
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Z(A) = {z € N(4)|[z, A] = 0}.

Note that N(A) is an associative and Z (A) is a commutative and associative subalgebra
of A. Moreover Z(A) S N(A).

A homomorphism of algebras ¢p: A = A’ is a homomorphism of vector spaces
(i.e. a linear mapping) which saves multiplication,

¢(ab) = p(a)p(b)

for each a, b € A.
The set

Ker(¢) = {x € Alp(x) = 0}

is a kernel and a homomorphic image of A of the homomorphism ¢ is the set

Im(¢) = {¢(x)|x € A}.

If ¢ is injective homomorphism then we say that an algebra A is embedded in A". A
homomorphism of algebras which is bijective is called isomorphism (of algebras). An
endomorphism is a homomorphism of algebras ¢p: A — A. If I is an ideal of A then the
mapping A - A/I, such that a - a+1, is called a natural (or canonical)
homomorphism of algebras.

Theorem 1.1.1 (Fundamental theorem of homomorphism for algebras [50,
p.9]) Let A, A’ be algebras. Let I be an ideal of A, and ¢: A — A" be a homomorphism
of algebras and t:A = A/l the natural homomorphism. Then there is a unique
homomorphism h: A/l = A', such that h(a+ 1) = h(a). Furthermore, h is an
isomorphism if and only if ¢ is a surjective homomorphism and Ker(¢) = I.

Theorem 1.1.2 (Isomorphism theorem [S0, p. 10]) (i) If ¢:A—>B is a
homomorphism of algebras over the field F, then

A/Ker(¢) = Im(¢) C B.
(ii) If I, and 1, are ideals of the algebra A with I, C I,, then
(A/L)/(/1) = A/L.
(111) If S is a subalgebra of A and B is an ideal of A, then B N S is an ideal of S and
(B+S)/B=S/(BNYS).
An algebra A is called nilpotent if A™ = 0 for some m, where A’ are defined by
Al =4,
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AT = ATA + ATTTA% 4 - 4+ A2ATT 4 AAL

An algebra A is called solvable if A™ = 0 for some m, where A®) are defined
by

A = 4 AW+ = AOAO | > 0,

The minimal such m is called the index of nilpotency (index of solvability,
respectively) of the algebra A. Clearly, any nilpotent algebra is solvable. The concepts
of solvability and nilpotency are equivalent for associative algebras:

AG+HD — 4D 40 = 42"

1.2 Variety of algebras

Let I be a set of polynomials from F[X]. Then the class of all algebras satisfying
this set of identities I is called the variety of algebras over the field F defined by the
set of identities I. A subvariety is a subset of a variety which is itself a variety. Algebras
from the variety M are called shortly M - algebras. The variety consisting of only the
zero algebra is called trivial. The variety is called homogeneous if, for every identity f
satisfied in the variety M, all the homogeneous components of f are also satisfied in
M.

Proposition 1.2.1 [51, p. 17] Every variety of algebras over an infinite field is
homogeneous.

Proposition 1.2.2 ([S1 p. 25]) Over a field of characteristic zero any
homogeneous identity is equivalent to a multilinear identity.

Proposition 1.2.3 (|54], see also [55, p. 181]) Over a field of characteristic zero
any variety can be defined by multilinear identities.

Example 1.2.4 The variety of associative algebras Assoc is defined by one
identity

f (X1, %2, x3) = (X1%2)%3 — X1 (x2X3).

Example 1.2.5 The variety of assosymmetric algebras Assosym is defined by
the identities

f1(x1;xz'x3) = (x11x2ix3) - (x11x3ix1)'

f2(x1, %2, x3) = (X1, X2, X3) — (X2, X1, X3).

Example 1.2.6 The variety of Zinbiel algebras Zinb is defined by the identity

[ (X1, %2, x3) = x1(X2%3) — (X12x2)x3 — (X2X1)X3.
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Let us denote by
M (S) = {A]| an algebra A satisfies all the identities from S}

the variety of algebras defined by the set S € F[X]. Notice that M (S) = M (id(S)),
where id(S) denotes the ideal generated by K. Similarly, denote

I(A) ={f € F[X]|f =0foralla € A}
the set of all the identities that are satisfied in 4, and
I(M) =n{I(A)|A € M}.

Any variety of algebras is closed under homomorphisms, subalgebras, and direct
products by results in [55, 56]. And to decide whether a class of algebras forms a
variety is used following Birkhoff’s (or HSP) theorem.

Theorem 1.2.7 (Birkhoff theorem [55, p. 172]) 4 class of algebras M form a
variety if and only if M is closed under Homomorphisms, Subalgebras and direct
Products (HSP).

The algebra F[X] is called a M -free (relatively free or free in the variety M)
with the set of generators X, if for any algebra B € M every mapping

p:X->BeM
can be uniquely extended to a homomorphism of the algebras
oam:F[X] = B.

The M -free algebra is not free in general but only in the variety M, i.e. it satisfies
identities (and their consequences) that define the variety M. The construction of the
M -free algebra is explained by the following theorem:

Theorem 1.2.8 [51, p. 13] Let M be a nontrivial variety with the system of
defining identities I. Then for any set X the natural homomorphism F[X]| = F[X]/I(V)
is injective and the quotient algebra is free in the variety V with the free set of
generators X. Any two free algebras in M’ with equivalent sets of free generators are
isomorphic.

The commutator in algebra A is the bilinear function

[x,y] = xy — yx.
The minus algebra AC) of algebra A is the algebra with the same underlying vector

space as A but with the multiplication [x, y].
The Jordan product (or anticommutator) in algebra A is the bilinear function
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{x,y} = xy + yx.

The plus algebra A®) of algebra A over a field F is the algebra with the same
underlying vector space as A but with {x, y} as the multiplication.

1.3 Special Jordan algebras

The theory of associative algebras and Jordan algebras is particularly important
in the study of algebra. Let Assoc be a variety of associative algebras. Let Assoc()
class of algebras of types A(Y). Well known, that any algebra in Assoc™) satisfies the
Jordan identity (5). Jordan algebra J is special if it is isomorphic to a subalgebra of the
algebra ACH) for some associative algebra A. Otherwise, it is exceptional.

The study of free algebras is very important. Here we shall need two of them:
the free (unital) associative algebra FA{x4, ..., x,, } and the free (unital) special Jordan
algebra S]({x4, ..., xn}), which is the Jordan subalgebra of FA({x4, ..., x,,}) generated
by {x, ..., xp} and 1.

A fundamental result in the theory of free special Jordan algebras is Proposition
1.3.1, also known as the universal property of free special Jordan algebras.

Proposition 1.3.1 (The universal property of Free special Jordan algebras
[S1, p. 76]) Let A be a special Jordan algebra with a unit 1. If y,, ..., Y, € A there is
a unique homomorphism @:S]({x4, ..., xp}) = A such that (1) =1 and @(x;) =
yi,fori=1,..,n

Let X = {x1,x5, ...} be a set and FA(X) be a free associative algebra generated
by X. A polynomial in FA(X) is called Jordan element of FA(X) if it can be expressed
by elements of X in terms of anticommutators. There is still no criterion that determines
all Jordan elements in FA(X). This problem is solved only for some subspaces of the
space of all Jordan elements.

Lemma 1.3.2 (P. Cohn [7, p. 255]) Let a be an ideal of free special Jordan
algebra S](X) and {a} is an ideal of free special associative algebras generated by the
set a. Then S](X)/a is a special Jordan algebra if and only if {a} N S](X) C a.

Let us define in FA(X) the involution rev(-) by

rev(X1Xy ... Xp) = Xp - X2X1,
and the element u in FA(X) is called reversible if rev(u) = u. The u = {x1 ... x,} =
Xq - Xp + X, ... x1 1s called a reversible element.

Theorem 1.3.3 (P. Cohn [7, p. 257]) Every reversible element of FA(X) can be
expressed as a Jordan polynomial in generators x1, X5, ... X, and the elements

{xilxizxigxi4}

where il < iz < i3 < i4_ and i = 1,2,
The expression {x; x;,x; x;,} is called a tetrad.
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Corollary 1.3.4 (P. Cohn [7, p. 259]) If the number of generators is less than
four then the free special Jordan algebra S]({x1, X5, ... Xp}) coincide with the space of
reversible elements in FA({x1, X3, ... Xp})-

Theorem 1.3.5 (P. Cohn [7, p. 262]) Let S]({x1, x5, x3}) is free special Jordan
algebra generated by x41,x,x3 and a be the ideal in S]({x1,x,,%x3}) generated by
element k = x? — y2. Then S]({x1, x5, x3})/a is exceptional.

1.4 Zinbiel algebras

In some papers Zinbiel algebras are called dual Leibniz, chronological or pre-
commutative algebras [18, p. 145], [57 — 59].

Let X = {xq,x,, ...} be a set. Let Zin(X) be the free Zinbiel algebra generated
on X. For a4, ..., a, € Zin(X) denote by a,a, --- a, a left-bracketed element (--- (a4 ©
a,) ) o ay. In[53, p. 190] it was proved that the following set of elements

V(X) =Uy {x;, %1, - x| X1, .. % € X}

forms a base of the free Zinbiel algebra Zin(X).

Now we present some results from [60], about the Zinbiel algebras. Recall that
an algebra A is Zinbiel, if for any x, y, z € A relations (1) are satisfied.

Theorem 1.4.1 [60, p. 197] Let K be an algebraically closed field of
characteristic p < 0. Then every finite-dimensional Zinbiel algebra is solvable.

The next theorem gives information about solvable Zinbiel algebras.

Theorem 1.4.2 [60, p. 197] Let K be a field of characteristicp < 0 and A be a
solvable Zinbiel algebra with solvability length N. If p = 0 orp > 2N — 1, then A is a
nil-algebra with nil-index no greater than 2V. Conversely, if A is a Zinbiel nil-algebra
with nil-index N and if p = 0 or p > N — 1, then A is solvable with solvability length
N.

Theorem 1.4.3 [60, p. 197] Let K be a field of characteristic p < 0. Every
Zinbiel nil-algebra is nilpotent. If A is a nil-algebra with nil-index n, then the
nilpotency index of A is no greater than 2™ — 1.

Corollary 1.4.4 [60, p. 197] Every finite-dimensional, simple Zinbiel algebra
over an algebraically closed field of characteristic p < 0 is isomorphic to the 1 —
dimensional algebra with trivial multiplication.

Corollary 1.4.5 [60, p. 197] Every finite-dimensional Zinbiel algebra over the
field of complex numbers is nilpotent (and, hence solvable and nil). If p > 0, then every
finite-dimensional Zinbiel algebra over an algebraically closed field of dimension less
than log,(p + 1) and characteristic p is nilpotent (and hence solvable and nil).

Let

Z(A)={z€Alacz=2z0a=0,Va € 4}
be the center of A.

Corollary 1.4.6 [60, p. 197] Let A be a finite-dimensional Zinbiel algebra over
the field of complex numbers of dimension n. Then there exists N < n such that the
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product of any N elements of A in any type of bracketing is equal to 0. Moreover, A
has the nontrivial center Z(A) # 0. The same is true for any finite-dimensional Zinbiel
algebra A over a field of characteristicp > 0 ifn = dimA < log,(p + 1).

Let Zinbiel be a variety of Zinbiel algebras. Define Zinbiel™ and Zinbiel ™)
as classes of algebras of types A" and A defined on the space A € Zinbiel by anti-
commutator {x,y}=xoy+yox and commutator [x,y] =xoy—yox,
respectively. Any algebra in Zinbiel ") is commutative and associative [53, p. 191]. It
was proved in [1] that any algebra in Zinbiel ™) satisfies the Tortkara identity

[[a, b], [c,d]] + [[a,d], [¢,b]] = [J(a, D, c),d] + [J(a, d,c),b]

where J(a, b,c) = [[a, b],c] + [[b, c],a] + [[c, a], D] is the Jacobi of elements a, b, c.
A Tortkara algebra is defined as anticommutative algebra that satisfies Tortkara
identity.

Theorem 1.4.7 [1, p. 3911] For any Zinbiel algebra (A,°), its Lie algebra
(4,[, D, where [a,b] = a o b — b o a, satisfies the identity Tortkara. Any identity of
degree 3 of the category Zinbiel =V follows from the anticommutative identity. Any
identity of degree 4 for the category ZinbielV follows from the identities
anticommutativity and Tortkara.

In [1] obtained that the algebra A = (C[x],*), where

X X
a*b=bj (j adx)dx
o Jo

is not Zinbiel algebra, but the corresponding algebra under a commutator satisfies the
Tortkara identity.

Theorem 1.4.8 [1, p. 3911] The algebra A = (C[x],*) satisfies the right-
symmetry identity

(x1x2)x3 — (X1x3)x2 = 0

and the identity of degree four

(x1, X2, [x3,x4]) + (X1, X3, [X4, X2]) + (X1, X4, [X2, x3]) = 0,

where (X1, X5, %3) = (X1%)x3 — x1(X2%3). Then, its minus algebra A"V satisfies the
Tortkara identity.

An identity is called special if it holds in any homomorphic image of a special
Tortkara algebra but does not hold in all Tortkara algebras. We still do not know
whether there exists a special identity.

P. Kolesnikov proved that the classes neither Zinbiel™ nor Zinbiel(™) are
closed under the operation of taking homomorphic images and are therefore not variety
[18, p. 153-154]. In the commutator case, P.S Kolesnikov constructed an example of
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special Tortkara algebra on four generators which can not be embedded into the
commutator algebra of a Zinbiel algebra.

Theorem 1.4.9 [18, p. 153] The algebra Zin ({x,x,,x3,%4}) has an
exceptional homomorphic image.

Corollary 1.4.10 [18, p. 153] The class of all special Tortkara algebras is not
variety.

In the anti-commutator case, he showed that there is a homomorphic image of a
free anti-commutator algebra on one generator that is not embedded into the anti-
commutator algebra of a Zinbiel algebra.

Theorem 1.4.11 [18, p. 154] The algebra Zin™ ({x;}) has an exceptional
homomorphic image.

1.5 Assosymmetric algebras

In this section, we present some results about assosymmetric algebras.
Assosymmetric algebras are a type of nonassociative algebra that are of interest in the
study of identities of algebras and varieties.

Theorem 1.5.1 (E. Kleinfeld [22, p. 983]) If A is an assosymmetric algebra
without ideals 1 # 0, such that 1> =0, then A is associative, provided the
characteristic of A is different from 2 and 3.

Let A(X) be a free assosymmetric algebra on X. Denote by [x; x;, -+~ x; ] or
Xi Xi, X a left-normed element (---(x; x;,)x;, - )x; for x;,..,x; €X. The
element

(Xi, X, Vi, Vi) =
xil(xiz("' (xin[--- [(yilryiz'Yi3);yi4] "';}’im] )

is called ordered expression, where x; , ... x; ,¥; , ..., y; € X and we have order x; <
Xi, <+ <x; andy;, <y, <--<y; .Inaddition, it is known that the set of left-
normed and ordered expression elements forms a basis for the free assosymmetric
algebra A(X) over a field of characteristic # 2,3. This was shown in [27, p. 312],
where a multiplication rule of the base elements was also given. These multiplication

rules are summarized in Proposition 1.5.2, which includes equations (6) - (8) and (9).
Proposition 1.5.2 [27, p. 312]

(ug, v1)(uq,v1) =0, (6)
[x{u, v) = (xu,v), (7)
(w, v)[x] = Zx:xlxz (X1, x,V), 3)
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[x][y] = [xy] — Xx=x1x, (|y2 — 1){x1y1, X2¥2)- 9)

[x5]21
Y=Y1Y2
|y2|=2

Furthermore, in [28, p. 32], it was proved that each solvable assosymmetric
algebra of characteristic different from 2 and 3 is nilpotent.

Theorem 1.5.3 (D. Pokrass and D. Rodabaugh [28, p. 32]) Let A be a solvable
assosymmetric ring of characteristic # 2,3. Then A is nilpotent.

This result, stated in Theorem 1.5.3 by D. Pokrass and D. Rodabaugh, gives us
the motivation to classify low-dimensional nilpotent assosymmetric algebras over a
field of characteristic 0. To accomplish this task, we will first analyze the properties of
homogeneous polynomials in assosymmetric algebras and employ the Skjelbred and
Sund method to classify them.
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2 SPECIAL TORTKARA ALGEBRAS

In this chapter, we consider Zinbiel algebras under commutators and
anticommutators. We give criteria for Lie and Jordan elements in a free Zinbiel algebra
and by using criteria we obtain the main results of this chapter. All results of this chap-
ter is published in [44].

2.1 Definitions and notations

We recall definition of a linear map p: Zin(X) — Zin(X) on base elements as
follows

p(x;) = —x;,
p(xixj) = XjXi,
p (xilxiz X yz) = Xi, Xi, X ZY, mz=1

where y, z € X.
For a € Zin(X)\X set

a:=a—p(a).
Since p? = id, it is clear that

p(a) = —a.

Letn > 1 be an integer and let I be set of sequences & = iy -+ i,,_1i, such thati, ; <
in. Fora =iq ...i,_1i, €T set

We call elements of the form x,, where a € I', skew-right-commutative or shortly
skew-rcom elements of Zin(X).
For instance, for x,y,z,t € X, we have

) (zt) = (xy)(zt) —p ((xy)(2t)) =
(Gey)z)t + (z(x)t —p (((xy)z)t + (z (xy))t) =

xyzt + zxyt + xzyt —p (xyzt + zxyt + xzyt) =

xyzt + zxyt + xzyt — xytz — zxty — xzty =
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xyzt + zxyt + xzyt,
X3124 = X3X1X2X4 — X3X1X4X3.

Recall the definition of the Lie element. We say that for w in a free Zinbiel
algebra Zin(X) is Lie element if it can be shown as a linear combination of words on
X under the product [a, b] = ab — ba. Similarly, an element w € Zin(X) is referred to
as a Jordan element if it can be expressed as a linear combination of words on X using
the product {a, b} = ab + ba. Next, we define ST(X) as a free special Tortkara
algebra on X under the commutator, i.e., subalgebra of Zin(X)™) = (Zin(X),[, 1)
generated by X. Furthermore, J(X) is defined as a subalgebra of the Zin(X)™ =
(Zin(X),{ , }) generated by X.

Define Dynkin map D: Zin(X) — Zin(X) on base elements as follows

D:xy xi, - xi, = {{"'{xilrxiz};"'};xin}'

2.2 Lie elements in a free Zinbiel algebra
In this section, we give Lie criterion for elements in a free Zinbiel algebra.

2.2.1 Shuffle permutations
Let Shy, , be set of shuffle permutations, i.e.,

Shpn =10 € Spimlo(1) < <o(m),o(m+1) <--o(m+n)}.
For any positive of integers i, ..., i, and jy, ..., j, denote by Sh(iy ... i;; j1 - ) set of
sequences @ = Qj ...An4y constructed by shuffle permutations o € Sh,,, by

changing asy to i;if L <mand to ji_p, ifm <l <m+n.
For example,

Sh(12;34) = {1234,1324,3124,1342,3142,3412},
Sh(23;41) = {2341,2431,4231,2413,4213,4123}.
The following proposition, which was established in [53] for free left-Zinbiel

algebras, can also be derived for free right-Zinbiel algebras..
Proposition 2.2.1. (Loday [S3, p. 192])

R TR S S

o€ Sh(iy..ip; j1- jg—1)

Proof. The validity of the formula can be established through induction on n =
p + q and the use of identity (1).
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The shuffle product of two base elements u = x; - Xi, and v = Xipgr " Xipyq

in the free Zinbiel algebra Zin(X) is defined as follows:
Uwv= Xo(1) " Xo(p+q)-

Proposition 2.2.2 The shuffle product on Zin(X) has the following properties:
a) the shuffle product is commutative and associative

awb=bwa (@ wb)wc=aw (b wc)foranya,b,c € Zin(X).
Xiy X, Xj, forq=1
b) (xi1 ---xl'p) o (x]1 x]q) {(xl .xip L le ”.qu—l)qu’ for q >1

%) (xil mxip) - (le ...qu) -
xi X, +x;.x;, forp=q=1,

(i, wx;, ---qu_l) ° Xj, T Xj, ---quxl-l,forp =1,q9>1,

(xl-1 e X,y WXy ---qu) ° Xj, + (xi1 e X, WX, ---qu_l) o qu,for p,qg>1
For example,
(ab) o (cd) = (abc + achb + cab)d = (ab w c) o d,
(ab) w (cd) = abcd + acbd + cabd + acdb + cadb + cdab =
(abc + acb + cab)d + (acd + cad + cda)b = (ab wc)d + (a w cd)b.

Proof. All these properties follow Proposition 2.2.1 and the definition of the
shuffle product.

2.2.2 Products of skew-right-commutative elements

In the following lemma, we define the product of skew-right-commutative ele-
ments in the Zinbiel algebra.

Lemma 2.2.3 Zinbiel product of skew-right-commutative elements can be
presented as follows

Xiy =" Xigy © Xjy Xjy = Xiy 0 X Xy Xjy = Xy K Xy Xi_ Xy X, +
(xi1 T Xy W le)ximsz (xh "Xy Xipy, W xj1)xim—1xj2 o

(xil " Xy, W sz)ximx11 (xl1' iy Xipy W sz)xim—1xj1'
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and form =2, n > 3

Xig * Xigy © Xjy 7" Xjpy =

(i o Xy w0 X, X)X Xy = Xy X Xy X Xyt X ) X X
(i o Xy o Xy o X )X X5, = (X, o Xy, Xy W Xy oo X )X X, —
(Xiy o Xy WX, o X, X )X X
(Xiy Xy Xy 0 Xy 0 X X)X X

Proof. Let us prove the first part of the lemma,

Xig * Xigy © Xjy Xjp = Xig =" Xigy © Xjy Xj = Xiy 0 Xy Xipy Xy © Xy Xjp —

Xig " Xigy © XjpXjy = Xiy 0 Xy Xigy Xy © XjpXjy =

(by part b of Proposition 2.2.2)
iy wr Xy w25, )X, = (i " Xy Xy Xy W Xy )%, —

(y o X4 w2, )%, + (g, = Xy, X Xy W0 X5, =

(by the definitions of shuffle product and skew-rcom elements)

Xiy " Xigg Xjy Xjy = Xiy " Xy X Xy Xy Xj,
(xi1 " Xy, W le)ximsz - (xi1 Xy Xy, W le)xim_lsz -
(xi1 " Xy, W sz)ximxh - (xi1 " X Xy W sz)xim_lle-

Let n>=3,

Xig = Xigy © Xjy =" Xjpy =

xl .-x. —

1 Xy © Xy Xy T Xy Xy X Xy © Xy 7 X
Xiy " Xigy © Xjy " Ky Xj Xy F Xy 0 Xy X Xy © Xy Xy X Xy =

(by part b of Proposition 2.2.2)
gy oo Xy we X e X X, — (o e Xy X Xipow Xy X )X =
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Gy o Xy w0 2y Xy X5 )Xy (K = Xy ) Xy Xy w0 X, o Xy, X5, )X, =
(by part c¢ of Proposition 2.2.2)
(i = Xy w1 Xy oo X )X Xy — (K oo Xy o X oo X )X, X, —

(xi1 xim L le x]n 1)xlm 1 - (xl1 N xim—zximxim—l L le xjn—z)xjn—lxjn -
(i = Xy w1 Xy oo X %G )X X = (X, o X X, X)X X~
(i o Xy X 0 Xy oo X X5 )X Xy =
(Xiy 0 Xy Xy w00 X 0 X)X X =

(by definition of skew-right-commutative elements we obtain)

(i o Xy w0 X, X)X Xy = Xy X Xy X Xyt X ) X X
(i, o Xy o Xy o X )X X5, — (g, o Xy Xy W Xy o X X, X —
(i o Xy w1 Xy oo Xy, X )X Xy, =
(Xiy " Xy Xy W Xy w2 X X)X X

This completes the proof.
In the next lemma we show that the commutator product of skew-rcom element
by generator is a linear combination of skew-rcom elements.
Lemma 2.2.4

[xi1 "'xim_lxim’le] =

x; xj form =1,

Xi Xi, Xj — X, Xi Xj — Xj X, X form =2,

xi1 "'Ximle - xl1 xlm lemxlm 1 (xh Lt xll ) xlm z)xlm 1 fOT‘ m > 2.

Proof. Since, [x;,,x; | = x;, xj, — Xj, x;, = X; Xj , we start proof of lemma from
m=2,

[xi1xi2'xj1] = xi1xi2 ° le - le ° xi1xi2 =
(xilxiz) °Xj, — (xizxi1) ©Xj; — Xj, ° (xi1xi2) + Xj, ° (xizxi1):
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xi1xi2xj1 - xizxi1xj1 - xj1xizxi1'

Now suppose m > 2. Then

%, iy X X5, | = Xy X Ky © X

J1 — Xj, °Xi ”.xim—lxim =

J1 U
(xi1 xim_lxim) ° Xj, — (xil ximxim_l) ° Xj, —
Xj, 0 (g, o Xy X)) x50 Qg e X, X, ) =
(by part b of Proposition 2.2.2)
Xig " Xigy g Xi Xy = Xiy " Xigy X1 Xjy —
(le WX ---xl-m_l)xim + (xj1 WX ---xim)xim_1 =
(by part c¢ of Proposition 2.2.2)
Xig " Xigy g X Xy = Xiy " Xigy X1 Xjy —
Xi X XX+ (O woxg e )X X+

Xyt Xy X Xjy Xy H (0w Xy o2, )2, %, =

(by the definition of skew-right-commutative elements we obtain)

Xy KXy~ X0y Ky Xt Kty Ky — (X, 10 %X+ Xy X Xy
This completes the proof.
Lemma 2.2.5 The commutator of skew-right-commutative elements is a linear
combination of skew-right-commutative elements.
Proof. If skew-right-commutative elements have degree 2, then a
straightforward calculation shows that

[xi1xi2’xj1xj2] = xilxithsz - xj1xj2xi1xi2 +

Qg w5, )%, %5, — (g, woX,)x, x5, + (o, weoxg,)x, %5, — (X, w X, )X, X5,

The proof of the assertion is presented below under the assumption that the degree of
skew-right commutative elements is at least 3. The case when one of the elements has
degree 2 is established using similar way. So,
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(%, i X, | = Xy Xy, 0 Xy X, X, G, 0 X, Xy, =

(by Lemma 2.2.3)

(g, e Xy o Xy e X)X X = Xy Xy X X ow Xy e X ) X X
iy o Xy w0 X Xy )X, X, — (X, 0 Xy Xy W Xy 7 X )Xy Xy, —

(g, o Xy i X e XX )X X

(g, o Xy, Xy w1 Xjy o X X)X X~

Qjy = Xy X4y Xy )X Xy ™ Xy " Xy, Xy Xy W0 Xy 7 X ) Xy Xy, F
(X, Xy o Xy e X %G, Xy, — (g, 0 Xy X, W Xy Xy )X, Xy, —
(7 Xy W Xy X, X )X Xy —

(g, o Xy, X Xy o Xy X )X Xy =

(by part a of Proposition 2.2.2)

(o, o Xy e X e X X X = Xy Xy X X we Xy X ) X X

(jy o Xy X4y Xy )X Xy ™ Xy " Xy, Xy Xy W0 Xy 7 Xy ) Xy Xy, F

(g, o Xy i X e XX )X X~

(g, o Xy Xy w0 Xjy o X XX X

This completes the proof.

Lemma 2.2.6 If'u is an element of ST (X), then p(u) = —u.

Proof. The proof is achieved by the fact that ST(X) is generated by the
commutator products on X and [x, y] = Xy for any x, y € X, and by using Lemma 2.2.4
and Lemma 2.2.5.

Now we prove that any skew-right-commutative element of Zin(X) is a Lie
element.
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Lemma 2.2.7 Let f is an element of Zin(X) with p(f) = —f. Then we have
f € ST(X).

Proof. Writea = bifa — b € ST(X).If p(f) = —f, then f can be expressed as
a linear combination of skew-right-commutative elements. In order to prove that the
element f € ST (X), it is enough to show that

X, % =0. (10)

We prove it by induction on n.
If n = 2, the proof is straightforward, and if n = 3, we have:

xi1xi2xi3 = %[[xiﬂxiz]’ xi3] - % [[xi1'xi3]’xi2]'

Assuming that equation (10) holds for elements of degree less than n, we have

le-k+1---xl- 0,

n

for any Lie element z whose degree is no more than k. Set z := x; ---x;,_and have

Xi, X, ~x; =0, forl<k<n-—1

Kigsr "

Hence,

Xig " XigXigep " Xiyy = Xig " Xige p Xip Xig_y Xigyy " X

Since the symmetric group S,_, is generated by transpositions (12),(23),...,
(n—3n—2), forany g € S,,_, we have

Xiy =" Xiy = Xg(iy) ™ X (in-2)Xin-y Xin- (11)

By (11) and Lemma 2.4 we have

(%, i X | = Xy X Xy Xy, — Xy Ky Xty Xy Xy, —

0.

—(n — 2)x;, X, X Xi, X0,

Also, can be obtained the following

[xi1 xin_zxin'xin_l] =

Xy Ky Xi Xy — Xy Xy X Xy, Xy — (0= 20X Xy X, Xy Xy, =
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Xy " Xy o Xy Xi

n

= Xiy " Xy Kig Xy Xy, — (= 20Xy Xy X Xy, X,

Consider the sum of the above last two expressions and we have

ETREEETRETS I PR e e

—(n—-Dx; ~x;_x_x % —m—Dx; ~x__x % _x___ =0.

n

Thus

Xig " Xip 3 Xip 1 Xin Xty = TXiy " Xip 3 Xiy Xipp Xip g

In other words,

Xiy " Xy Xy, Xiy_ Xiyy = —Xi Xy X, Xi X e (12)

Setu = x; ---x; _,.By(11)and (12) we have

UXiy 3 Xip oy Xipg_( Xipy = “UXG, X Xipy  Xiyy_, S UX Xy Xy o, Xiy y =

UKy  XigXiy 3 Xip_, = UXy Xi (Xiy o Xiy , = U Xy X, Xiyy (Xiy 3 =

UXiy o Xig oy XigXiy_y = UK, Xiy ,Xiy 1 Xi

n'

Hence,

1]
o

U Xy 3 Xip oy Xin_1Xiy

and this completes the proof.
Now we are ready to prove the main theorems of the section.
Theorem 2.2.8 Let f be a Zinbiel element of Zin(X). Then f is a Lie element if
and only if p(f) = —f.
Proof. 1t follows from Lemma 2.2.6 and Lemma 2.2.7.
Theorem 2.2.9 The set of skew-rcom elements x,, where a € I, forms base of
ST(X). Let ST(X)my,...m, be the homogenous part of ST(X) generated by m;

generators x; where i = 1, ...,q. Then

. (n—2)!
dim ST(Xm,,..mg = ) o mim
<) 1! q!

wheren = my + -+ + mg. In particlular, the multilinear part of ST (X) has dimension
a
>
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Proof. Since a skew-rcom element defined as

xil cee

Xin = Xig " Xin_y Xiy = Xiy " Xy o Xip Xiy
a difference of two base elements, any linear combination of skew-rcom elements is
trivial, hence they are linearly independent in Zin(X). By Lemma 2.2.6, any element
of ST(X) is a linear combination of skew-rcom elements. So we have proved that the
set of skew-rcom elements, generated by set X, forms a base of ST (X).

Let us count the number of skew-rcom elements of degree n generated by
X1, -, Xq InWhich x4, ..., x4, occur my, ..., my, times, respectively. Consider skew-rcom
elements whose last two elements are x;, x; for i < j. Then the number of such type of

skew-rcom elements of degree n equals

myy - (my — 1)1 (mj —_ 1)! mq! - my! - mq!mimj'

where my + -+ + m, = n. Hence

_ (n—2)!
dim ST (X m,,...m, = o Y
i<y T

If m; = 1 for all i, then n = g, and we obtain
q!
dimST(0, .= ) (@-Di==1.
1<i< j<q

This completes the proof.

Corollary 2.2.10 Let a,b,c € Zin(X). If b and c are Lie, then abc — acb and
bc — cb are Lie.

Proof. We present a proof of our Corollary for abc — ach. The case bc — cb can
be established in a similar way.

Let a € Zin(X) and suppose b, c € ST(X). Then by Theorem 2.2.9

b= ATa,  c= ) uGp
a B

We have

abc — acb = az/la@z UBYp — az,uﬁﬁz AoXyq =
a B B a
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D Aattg(aTa V5 — V5 % ).
a.p

Let x, = x;, -**x;,, and yg = y; -y . The cases, when at least one of m and n is
equal to two, can be easily proved. Suppose m,n = 3. Set u = x; -+ X; and v =

m-2
i Vi .
ax, ﬁ =
a(uxi,_, %i,) (VYY) — alwxi, xi, ) (Y5, ,¥5,) =
a(uxi,_, %, ) (v, Y5,.,) + a(uxi, xi, ) (vy;,),.,) =
(by part b of Proposition 2.2.2)

((a WX, )%, w ”yjn_l)yjn - ((‘1 WU, )X,y w an_l) Vin —

((a w X, )%, w ijn) Vinoa T ((a W U, )X,y W ”an) Vin-1 =

(by part c¢ of Proposition 2.2.2)
((a WU X, ) w "’yjn_l)ximyjn (@ wuxg,  )x, w ”) Yin-1Yin ~

(a L uxim)xim_1 w V)Y, 1 Vin —
a

(

+(
((a t uxim) L vyjn—1)xim—1yjn _(
((a WU X, ) w ”an) XimYjn-1 —(

((a wuxg,) w vyjn) Xigg1Yjns T ((a WU X, )X, W V) YY), =

(by the definition of skew-right-commutative elements we obtain)

((“ woux,, )%, w v) Yin-1Yim — ((a WU Xy, )X, w U) Yin-1Yim T
((a WX, ) w "’yjn_l)ximyjn - ((a w uxg,) w ”yjn_l)xim_lyjn -

((a w U xim—l) Lt vyjn) ximyjn—l + ((a wu xim) Lt vyjn) xim—lyjn—l'
By similar way one can have

32



aypXqg =

((Cl w v y]n—1)y]n H u) Ximog X — ((a wv y]n)y]n—1 H u) Xim_1 Xim +
((a w vy, ) wu xim_l)yjnxim - ((“ w v Yyj,) wu xim_l) Vin-1 Xim —

((a W VY, ) w uxim_l)yjnxim_l t ((“ w v Yj,) w uxim)yjn_lxim_l-

So

(by part a of Proposition 2.2.2)

((“ wux,, )%, w v) Yin-1Yim — ((a WU X, )X, w U) Yin-1Yim T

((a L uxlm—1) L vy]n—l)xlmyln - ((a - uxlm) L vy]n—1)xlm—1y]n -

((a L uxlm—1) L Uy]n) XitmYin-1 + ((a - uxlm) L vy]n) Xt 1 Vi1 —

((a w v y]n—l)y]n t u) xlm—l xlm + ((a w v y]n)y]n—l t U,) xlm—l xlm'
Hence by Theorem 2.2.8 we have abc — acb € ST(X) and this completes the proof.

2.3 Jordan elements in a free Zinbiel algebra

In this section, we demonstrate the proof of the Jordan criterion for elements in
a free Zinbiel algebra Zin(X). We provide an explicit formula for expanding Jordan
bracketed elements in a free Zinbiel algebra.

Lemma 2.3.1

{{“'{xil»xiz}"'}; xin} = Z Xo(i)Xo(iz) """ Xo(in):

OES,

Proof. We prove it by induction on n. For the base of induction n = 2, we have
{o;, %} = x;,x;, + x;,x; . Suppose that it is true for n — 1. Then

{{ {xi1’ xiz} }' xin} _
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(o feip i} Yoo, o, + 20, {0 i o} i, ) =

(by induction hypothesis)

Z Xo(i) %o (i) """ Xo(in-1) ¥n T Xn Z Xo(i)Xo (i) """ Xolin-1) =

OES, OES,

(by Proposition 2.2.1)

= Z Xo(i)Xa(iz) " Xo(in):

OES,

This completes the proof.

Theorem 2.3.2 Let f be a homogenous Zinbiel element of degree n in Zin(X).
Then f is a Jordan element if and only if D(f) = n! f. The algebra | (X) is isomorphic
to polynomial algebra K [X].

Proof. Recall that A is associative and commutative algebra if A is Zinbiel.
Any Jordan element in Zin(X) can be written as linear combination of left-normed
Jordan monomials in X by anti-commutators. Then the proof follows from Lemma 4.1
and definition of the map D.

Let ¢:K[X] - J(X) be a canonical homomorphism from polynomial algebra
generated by X to J(X) defined as x; x;, - x; = {{-{x;,x;,} -}, x;_}. Then it is
clear that Ker ¢ is zero and therefore K[X] and J(X) are isomorphic. This completes
the proof.

Denote by J (X)), Lo the homogenous part of /] (X) generated by m; generators

x; wherei =1, ..., q.

Corollary 2.3.3 The dimension of the homogenous part | (X)m,,..m, of J(X) is
equal to dim](X)ml,"_,mq = 1.

Proof. 1t is an immediate consequence of Theorem 2.3.2.

2.4 Speciality of the free Tortkara algebra with two generators

In this section we prove that the free Tortkara algebra with two generators
T ({x,y}) is special. As a corollary, we obtain the construction of a base of T ({x, y})
in terms of left-normed elements.

Lemma 2.4.1 Let T,, be the n-th homogenous part of T({x,y}). Then Ty,,, =
T,,T; for any n.

Proof. Clearly, T;1 2 T,T;. We write a = b if a — b € T,,T;. We prove the
statement by induction on degree n. We have

(ab)(cd) = %](b, c,d)a — %](a, c,d)b — %](a, b,d)c + %](a, b,c)d =0
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This is the basis of induction for n. Suppose that our statement is true for fewer than
n > 4. Let C € T, and C = A, B; where A; and B; are elements of T({x, y}) whose
degrees are k and [, respectively, and k + | = n. Now we consider induction on [. By
induction on n we may assume that they are left-normed and write

C = AyB; = (Ay-_1a;)(Bi-1b;)

where ay, b; € {x,y}. Suppose | = 2 and b; = x, b, = y. Assume a;, = x. Then by
Tortkara identity (4) and induction on n we have

C = (Ag_1x)(yx) = J(Ap-1, x,y)x = 0.
Suppose that our statement is true for fewer than [ > 2. We have
(Ax—1ar)(Bi_1by) =
—(Ax_1a)(by Bi_1) =

(by identity (4))
(Ag-1Bi-1)(hiay) — J(Ag-1, a, b)Bi—y — J (A1, Bi—1, b ay.
We note that by base of induction on [,
(Ax—1Bi—)(byay) = 0 and J(Ag_q, a, b)) Bi_1 = 0.
By induction on n we have
J(Ak-1,Bi-1,b)ay = 0.

Hence, (Aj_1a;)(B;—1b;) = 0. This means that any element in T'({x, y}) can be writ-
ten as a linear combination of left-normalized elements.

Let T(X) be a free Tortkara algebra generated by a set X.

Theorem 2.4.2 The free Tortkara algebra T ({x,y}) is special.
Proof. 1t is sufficient to show that algebras T ({x,y}) and ST ({x, y}) are isomorphic.
Let ¢ be a natural homomorphism from T ({x, y}) to ST ({x,y}). By Lemma 2.4.1 the
vector space T ({x,y}) is spanned by the set of left-normed elements. We note that
number of left-normed elements in two generators is equal to the number of skew-rcom
elements in two generators. Suppose that the kernel of ¢ is not zero. Then we have a
linear combination of skew-rcom elements which is zero in ST ({x, y}). It contradicts
to the first part of Theorem 2.2.9. Therefore, Kerg = (0). This completes the proof.

Corollary 2.4.3. Set of left-normed elements forms a base of T ({x, y}).

Proof. It is an immediate consequence of Theorem 2.4.2.

35



2.5 Speciality of homomorphic images of ST ({x, y})

The next theorem is an analogue of Cohn’s theorem on the speciality of
homomorphic images of special Jordan algebras in two generators Lemma 1.3.4 [7, p.
255]) Let a be an ideal of free special Jordan algebra S](X) and {a} is an ideal of free
special associative algebras generated by the set a. Then S](X)/a is a special Jordan
algebra if and only if {a} N S](X) € «a.

Theorem 2.5.1 Any homomorphic image of a free special Tortkara algebra
with two generators is special. For the three generators case, this statement is not
true: a homomorphic image of special Tortkara algebra with three generators might
be non-special.

Let a be an ideal of ST(X). By Cohn’s criterion (Theorem 2.2 of [7, p. 255])
ST(X)/a is special if and only if @ N ST(X) S a where « is the ideal of Zin(X) ge-
nerated by the set a.

Proof of Theorem 2.5.1. Assume that g; (i € I) are generators of the ideal a. It
is clear that if Xy € a then ST ({x,y})/a is special.

Therefore, by Theorem 2.2.8 we can assume that each element g; has a form

fixy for some f; € Zin({x, y}).

Let w be a non-zero element of & N ST({x,y}). Then p(w) = —w and w is a
linear combination of left-normed monomials in x,y,g;(i € I) such that each
monomial is linear by at least one generator of a. Let by -+ b, be a term of w in the
linear combination. To prove the statement we consider two cases, depending on what
position a generator appear in by +* b,,.

Case 1. Suppose that generators of a appear only in the first n — 2 positions in
by -++ by,. Then write all b;ss in terms of elements of X. Since w € ST ({x, y}), w must

have the term p(b; -+ b,,) with opposite sign. Hence b, - b,, € a.
Case 2. Suppose that generators of @ appear in either n — 1-th or n-th positions
in by --- by, (a generator of @ may appear in the first n — 2-positions), namely,

b,_1 =xand b, = fxy,orb,_; = fxyand b, = x

for some i. If generators of a appear in both n — 1-th and n-th positions of by -:* by,
then write one of them in terms of x's and y's. We also express by, ..., b,,_, in terms
of x's and y's, therefore we can assume that b4, ..., b,,_, € X. Let us denote b; **- b,,_,
by u.

Now we show that if uxf;xy is a term of w then w has the term uf;xyx with
opposite sign.
We have

uxf,xy = Ry + R, — R3,
where

Ry = fiuxxy + uf,xxy + uxf,xy,
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R, = fiuxxy + fixuxy + uf;xxy,
R3; = fiuyxx + fiyuxx + uf;yxx.

By Theorem 2.2.8, R; is Lie, but R, R4 are not Lie. Since w € ST ({x, y}), the term R
should be cancelled and for each term s € fuxxy, f;xuxy, uf;xxy of R,, w must have
terms s or p(s) with opposite sign to cancel s or have s. Therefore, w must have some
terms in which g; (i € I) appear in either n — 1-th or n-th positions. These kind of
terms are generated by u,f,x,x,y. Then all possibilities of such types are

ufixyx, fixuxy and f;uxyx. We have

ufixyx = fiuxyx + fixuyx + ufixyx — fjuyxx — fiyuxx — uf; yxx,

fixuxy = fiuxxy + fixuxy + uf,xxy + fiuxxy + uf;xxy + uxfixy —
—fiuyxx — ufijyxx — uyf;xx,
fiuxyx = fiuxyx + ufixyx + uxf;yx — fiuyxx — uf;yxx — uyf;xx.

We see that the element f;yuxx is a term of only uﬁx and moreover,

uxf,xy —uf,xyx = fuxxy + uf,xxy + uxf,xy + fuxxy +

fixuxy + uf,xxy € ST({x, y}).

Therefore, w has the term uf;xyx with opposite sign. Since f;xy is a generator of «,
and by Corollary 2.2.3

uxf,xy — uf,xyx € a.

Hence by -+ b, — by - b,,_,b,b,_1 € a. If xf;xy is a nonzero term of w, then by

similar way one can show that w must have term f;xyx.

So we obtain w € a. It follows @ N ST({x,y}) € a. Hence by Cohn’s criterion
ST({x,y})/a is special.

Now we show that a homomorphic image of ST ({x, y, z}) may be not special.
Let a be an ideal of ST ({x, y, z}) generated by elements

91 = YyZ, g2 =YXz, g3 =YXy

Consider an element

W = XYyZ — YYXZ + ZyXYy.
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Then

W =Xxg1—Yg2 +293.
It follows
w € ST({x,y,z}).

One can easily check that there are no 44, 4,, 43 € K so that

w = A[x, g1] + A:[y, 921 + A3z, g3].

Then w € a. Hence by Cohn'’s criterion, ST ({x, y, z}) /a is not special.
Corollary 2.5.2 Any Tortkara algebra with two generators is special.
Proof. 1t follows from Theorem 2.4.2 and Theorem 2.5.1.

This result is an analogue of Shirshov theorem for Jordan algebras [51, p. 84].

2.6 Some remarks and open questions
1. Let A = C[x] be an algebra with multiplication

axb=Db[’ (f, adx)dx. (13)

(A,x) is not a Zinbiel algebra. This algebra C[x] with multiplication (13) was
considered in [1]. It was proved that it satisfies the following identities

ax(bxc)—bx(axc)=0,

(14)
([a,bl,c,d) + ([b,c],a,d) + ([c,a],b,d) =0

where (a,b,c) = a* (b xc) — (a x b) x c. Moreover, it was proved that algebra A
with respect to commutator [a,b], = a*x b — b * a is a Tortkara algebra. A question
on speciality of (4, [, ].) was posed.

We show that answer is positive. Let B = C[x] be an algebra with multiplication

aob=>b[" (f5 adx)dx+(J, adx)(f, bdx).

Then (B,¢) is a Zinbiel algebra. For ¢ multiplication we define commutator [a, b], =
aob—boa. Note that [a,b], = [a,b].. So AT is isomorphic to B(). Hence
(4, [, ]5) is special.

2. It is shown in [1] that an algebra with identities (14) is not Zinbiel but under
the commutator product is Tortkara. What about speciality of these algebras?
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3. Let k,,, be kernel of the natural homomorphism from free Tortkara algebra to
free special Tortkara algebra on m generators. An element of the ideal k,, is called a
s-identity. We showed that k, = (0). Are there s-identities for m > 2?

4. Is it true the analogue of Lemma 2.4.1 for m > 2 generators? Whenever it is
valid for m generators, it immediately follows speciality of T({xy,...,X;,}), in
particular, k,,, = (0).
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3 NILPOTENT ASSOSYMMETRIC ALGEBRAS

In this chapter, we mainly study assosymmetric algebras of finite class and study
commutator ideals of assosymmetric algebras. We show that some of the properties for
associative algebras also hold for assosymmetric algebras, namely, for such properties
associativity is not necessary and can be replaced by left-symmetry and right-
symmetry. The results of this chapter were published in [41 — 43, 49].

3.1 Commutator ideals of assosymmetric algebras

We begin with some basic facts on Lie-admissible algebras. The results of this
section were published in [49].

Let A be an arbitrary Lie-admissible algebra over a given field F. We define

[a,b] = ab — ba
for all @ and b € A. For all subspaces B, C, D of A, we define
[B,C] = span{|b,c]|b € B,c € C}, BC = span{bc|b € B,c € C}

and

(B,C,D) = span{(b,c,d)| € B,c € C,d € D},

where the associator (a, b, ¢) means (ab)c — a(bc). We call aspace V € A a Lie ideal
of A if we have [V, A] € V. Finally, for all subspaces A and B of A, we define

Ao B =1d([A, B)),
that is, the ideal of A generated by [A4, B]. Following the idea of Jennings [19, p. 341],
we call A o B the commutator ideal of A and B. We clearly have A o« B = B o A.
Equipped with the notion of commutator ideals, we are now able to recall the
notion of central chains of ideals of a Lie-admissible algebra A.
Let
A=A12A4,2 24, 24,1 = (0) (15)
be a chain of ideals of A. Such a chain is called a central chain of ideals if we have
AoA; €Ay, (i=12,... ,m). (16)
We shall soon see that Novikov algebras, bicommutative algebras and assosymmetric

algebras which possess central chains of ideals have special properties; we investigate
some of them by considering a particular central chain:
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Definition 3.1.1 For every Lie-admissible algebra A we form a series of
ideals

Hyi=A, Hyp=HoA for i>1. (17)

We say that A is of finite class if H,, = (0) for some positive integer n. For the minimal
integer n such that H,, = (0), we call n — 1 the class of A, and call

A=H 2H,2-2H, ;,2H, = (0) (18)

the lower central chain of A. To avoid too many repetitions, we shall fix the notation
of H; foralli > 1.

With the notations of (16) and (18), it is straightforward to show that H; € A; by
induction on i.

The next subsection provides us with a description of commutator ideals of
assosymmetric algebras.

3.1.1 Assosymmetric algebras of finite class

The aim of this subsection is to study assosymmetric algebras of finite class.
Recall that for all x, y, z in an algebra A, the associator (x, y, z) means (xy)z — x(yz).
So in every assosymmetric algebra A, we have (y,x,z) = (x,y,z) = (x,z,y) for all
xX,y,Zz € A.

It is proved in [22, p. 984] that for all x, y, z, w in an assosymmetric algebra A,
we have

([x,¥],z,w) =0 if char(F) # 2,3. (19)

By the same technique developed in [22, p. 983], we obtain some more identities as
follows when char(IF) = 2 or 3.
Lemma 3.1.2 For all x,y,z,w in an assosymmetric algebra A, we have

(x,y,z)=—[x,y]z+x[y,z]+[xz,y]; (20)
(Iw,xl,y,2) = [w,(x,y,2)] + [x, W, y,2)] if char(F)=2; 21)
[xy,z] = —[yz,x] — [zx,y] if char(F) = 3; (22)

Proof. (i) Proof of identity (20). Note that
x,y.2)=-(xy2)+ (¥x2) +(x,2Y)
=—(xy)z +x(yz) + (yx)z — y(xz) + (x2)y — x(2y)
=—(xy)z + (yx)z + x(yz) — x(zy) + (x2)y — y(x2)
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= —[x,y]z + x[y, z] + [xz,y].

The proof of identity (20) is completed.
(i1) Proof of identity (21). Following [22, p. 984], we define

fw,x,y,2) = (Wx,y,2) —x(W,y,2) — (x,, 2)w.
Then it is obvious that
fw,x,y,2) = f(w,x,2,y). (23)
We also note that [22, p. 984] in any algebra we have
wx,y,2) — (W, xy,2) + (W, x,yz) =w(x,y,2z) + (W, x,y)z. (24)
By identity (24), we deduce
fw,x,y,2) + f(z,w,x,y) =
(wx,y,z) —x(w,y,2) — (x,y,2)w + (2w, x,y) —w(z,x,y) — (W,x,y)z =
(wx,y,z) —x(w,y,2z) — (x,y,2)w + (zw, x,y) —
(wx,y,z2) + (W, xy,z) — (W, x,yz =
—xw,y,z) — (x,y,z2)w + (zw, x,y) + (W, xy,z) — (W, x,yz) =
—xw,y,z) — (x,y,2)w + (xy,z,w) — (x,yz,w) + (x,y,zw) = 0.
Combining this with identity (23), we obtain
fw,x,y,2) = =f(z,w,x,y) = f(¥,2,w,x), (25)
and thus
fw,x,y,2) = f(y,z,w,x) = f(y,z,x,w) = f(x,w,y,2). (26)
Therefore, if char(F) = 2, we obtain
0=2f(w,x,y,2)

=f(w,x,y,2) + f(x,w,y,2)
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= (wx,y,z) +x(W,y,2) + (x,y,2)w +
(w,y,2) +w(x,y,z) + (W,y,2)x

= (w,xl,y,2) + [w, (x,,2)] + [x, W, y,2)].

The proof of identity (21) is completed.
(ii1) Proof of identity (22). If char(IF) = 3, then we have

[xy,z] + [yz, x] + [zx,y] = (xy)z — z(xy) + (y2)x — x(yz) + (zx)y — y(zx)

=xy2z)+Q,zx)+(zx,y) =3(xYyz) =0,

Identity (22) follows immediately.
Now we begin to study associators involving Lie ideals of an assosymmetric
algebra A.
Lemma 3.1.3 Let B and C be Lie ideals of A. Then the following statements are
true:
(i) For all x€C, y,z€B, (y,x,z) € A|[C,B] + [C,B],; In particular,
(v, x, z) is contained in the ideal of A generated by [C, B];
(i) AoB=|[B,C]+A[B,C]=[B,C]+[B,C]A.

Proof. (1) By identity (20), we deduce
(y,X,Z) = —[y,X]Z +y[x,z] + [yZ,X] =
—[[y, x], z] — z[y, x] + y[x, z] + [yz, x] € A[C,B] + [C, B].

The proof is completed.
(i1) Clearly, [B, C] is a Lie ideal of A. It follows that

[B,C]A € A[B,C] + [[B,C],A] € A[B,C] + [B, C].

In particular, [B, C] + A[B, C] is an ideal of A if and only if so does [B, C] + [B, C]A.
By (i), forallx,y € A,a € B, b € C, we have

(x,[a, b],y) € [[B,C],A] + A[[B,C],A] € A[B,C] + [B,C].
It follows that
x(yla,b]) = (xy)la,b] — (x,y,[a,b]) =
(xy)[a, b] — (x,[a, b],y) € A[A, B] + [A, B].

Therefore, we deduce
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(x[a, b))y = (x,[a, bl,y) + x([a, b]y) =
(x,[a, b]l,y) + x(y[a,b]) + x[[a, b],y] € A[B,C] + [B, C].

The proof is completed.
Corollary 3.1.4 Let {A,| p = 1} be a family of ideals of A with Ao Ay, S Apyq
for every p = 1. Then for all a € Ay, for all x,y € A, we have (x,a,y) € Apy1.
Proof. By Lemma 3.1.3, we have

(x,a,y) € [Ay, A] + A[Ap, A] = Ao Ap € Apyq.

The proof is completed.
Let

A=A,24,2+24,24,,, = (0 (27)

be a central chain of ideals of A. And let H; (i = 1) be as in Definition 3.1.1. When A
is assosymmetric, we have the following analogues as those for associative algebras.
Again, as the associativity does not hold, new techniques are necessary.

Lemma 3.1.5 Let A be an assosymmetric algebra. Then H,A; S Apyq-1,

AgHy € Aprg—1, [Hp, Agl € Apyrq and (Hy, Ag, A) € Apyq. In particular, we have
H,H; € Hpyq-1.

Proof. Since Hp, S A,, Apiq S Apyg-1 and A H, S [Ag, Hp] + HyAy, it
suffices to prove H,Ag € Apiq-1, [Hp, Agl € Apiq and (Hy, Ag, A) € Apiq.

We use induction on p to prove these claims. For p = 1, we have H;4, € A,
[H1,Aq] € Ag41 and by Corollary 3.1.4, we obtain

(Hy,Ag, A) € (A,Ag,A) S Ao Ay S Agys.

Now we assume p = 2. If h, = [hy,_4, x] for some h,,_; € H,_; and x € A, then for
every a € Ag, by induction hypothesis, we have

(20)
hpa = [h,_1,x]la = — (hp_1,x,a) + hy_1[x,a] + [hp_1a, X]

€ (Hp-1,Ag,A) + Hy_1Agy1 + [Hp_ 144, A] € Apig-1.
By the Jacobi identity and induction hypothesis, we obtain
[y, a] = [[hp-1,x], a] = [[hp-1, al, x] + [hp-1, [x, a]]
€ [Ap+q-1,A] + [Hp-1,Ag11] € Apyq-
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We continue to show ([hy,_1, x],a,w) € A, forevery w € A. There are several cases
to discuss depending on the characteristic of the field. If char(F) # 2,3, then by

identity (19), we have ([hy_1,x],a,w) = 0 € Ap,4. If char(FF) = 2, then by identity
(21) and by Corollary 3.1.4, we have

([hp-1,x], a,w) = [hp_q, (x, @, W)] + [x, (hp-1, @, W)]

€ [Hy—1,Ags1] T[4, Aprg-1] € Apsqg-
If char(IF) = 3, then by identities (20) and (22) and by the above reasoning, we have
([hp-1,x], @, W) =
= —[[hp-1, x], a]w + [hy_1, x][@, W] + [[hp-1, X]W, a]
= ~[[hp-v x], a]w + [hp_1, x][a, W] — [wa, [hp—1, x]] = [a[hp—1, x], W]

€ Aprq + [hp—1, 14041 + [Aprg-1.4] € Apyq.

Now we prove for the case when p = 2 and h;, = [h,,_4, x]y for some elements
hy,-1 € H,_; and x,y € A. By the above reasoning and by the right-symmetric
identity, we have

hpa = ([hp-1,x],y,a) + [hp_1, x](ya) = ([hp-1,x], @, y) + [hp—1, X] (¥ € Apig-1-
By identity (20) and by the above reasoning, we obtain
[y, a] = [[hp-1. x]y,a] = ([hp-1, x], @, y) + [[hp-1, x], a]y — [hp—1, x][a, ¥]
€ Aptrq t [hp-1,X]Ag41 € Apsq-

Finally, by the above reasoning and by the induction hypothesis, for every w € 4, we
deduce

([hp-1, x]y, a, w) 2 [[hp-1, X1y, alw + ([hp-1, x]¥) @, W] + [([hp-1, X]y)W, a]

€ [Hy, AglA + HyAgy1 + [Hp, Agl € Apig
The proof is completed.

Theorem 3.1.6 Let A be an assosymmetric algebra of finite class. Then A o A
is nilpotent of nilpotent index less or equal to the class of A.
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Proof. By Lemma 3.1.5 and by similar reasoning as the proof for Theorem 2.5
in [49], we obtain the description for assosymmetric algebras that generalizes the
corresponding result of associative algebras.

3.1.2 Products of commutator ideals of assosymmetric algebras

The aim of this subsection is to study products of commutator ideals of an
arbitrary assosymmetric algebra A over a field F such that char(IF) # 2,3.

Let A be an assosymmetric algebra. We define

A=A and Apyq) = [4 Apy] foralli = 1.

We call [d(A[;)) the ith commutator ideal of A. And the algebra A is called Lie nilpotent
if Ay = (0) for some integer i. We shall prove that Id(Ap))Id (A7) € 1d(Apyj-q7) if
[ is odd or j is odd, which generalizes the corresponding result [48, p. 300] for
associative algebras.

Forall x,y € A, we define

x*xy=xy+yx and [x,y]=xy—yx.

The main difference in the above-mentioned result between associative algebras and
assosymmetric algebras is the proof of the following lemma.

Lemma 3.1.7 Let A be an assosymmetric algebra over a field F such that
char(F) # 2,3. For every positive odd integer j, we have [ld(Af;)),A] S Afjsq1)-
Moreover, we have [Id(Afj), Ajip] € Afivjy-

Proof. For all x,y,z € A, we have [x, [y, z]] = [[x,y], 2] — [[x, z], y]. So the
second claim follows immediately from the first one. We use induction on j to prove
the lemma. For j = 1, the claim follows immediately by the definition of Ap,; and by

the above reasoning if i > 2. Now we assume that j is an odd integer such that j > 3.
For all x,y,z,u,v € A, it suffices to show [x[y, [z, u]], v] € A[j+17 if u € A[j_37. By
assumption, we have char(IF) # 2, so we have

x[y, [z u]] = %([x, [y, [z, u]l] + x * [y, [z, u]]D.
So in order to show [x[y, [z, u]], v] € A[;44), it suffices to prove [x * [y, [z, u]], v] €

Apj+1)- The idea of the proof is to show that [x * [y, [z, u]],v] is sort of skew-
symmetric. More precisely, we shall prove that, if one of x, ¥, z, u, v lies in Ajj_, then

[x * [y, [z ull, v] = [x * [z, [u,y]], v] = [x * [w, [y, z]], v mod A[j,q;.

Since A is an assosymmetric algebra, by identity (19), we have
.y [zu]) = (x [z ul,y) = (zu],x,y) =0 =
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Yz, u] — x(ylz,ul) = (x[z, ul)y — x([z, uly),
and thus
x* [y, [zull +y = [x, [z u]]
= x(lzu] - [z uly) + [z u] — [z u]y)x
+y(x[z,u] — [z ulx) + (x[z u] — [z u]x)y
= ()lzu] —x([zuly) + y([z ulx) — [z,u](yx)
+(y0)[z,u] = y([z ulx) + x([z,u]y) — [z, u](xy)
= (xy tyx)[zu] - [z u](xy + yx)
= [xxy,[zu]]

Let assume that one of x,y,z,u, v lies in Afj_y. Since [Apy, Afy] S Afive> by the
induction hypothesis, we obtain that [[x * y, [z, u]],v] lies in Apj;q;, and thus we
deduce

[x * [y, [z, u]], v] = —[y * [x, [z, u]], v] mod A[;4). (28)

Similarly, we have

[x * [y, [z, u]], v] + [v * [y, [z, u]], x]

= (v [z u]]l + Iy, [z ullx)v —v(x[y, [z u]] + [y, [z, u]]x)

+(ly, [z ull + [y, [z u]][v)x — x(v]y, [z, u]] + [y, [z, u]]v)

= x(, [z u]]v) + [y, [z ull(xv) — (vx)[y, [z, u]] — v([y, [z, u]]x)

tv(ly, [z, ullx) + [y, [z, u]](vx) — (xv) [y, [z, u]] — x([y, [z, u]]v)

= [, [z u]](x * v) = (x * V) [y, [2,u]]

= —[x*v, [y [z u]l]l

Again, since one of x,y, z,u, v lies in Af;_), by the induction hypothesis, we easily
obtain that [x * v, [y, [z, u]]] lies in Af;44], and thus we deduce
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[x * [y, [z, u]], v] = —[v * [y, [z, u]], x] mod A[;.4). (29)
On the other hand, by identity (28), we have
[x * [y, [z, u]],v] = =[x * [z, [u,¥]], v] = [x * [u, [y, z]], v]
= [z [x [wy]l,v] + [u* [x, [y, z]], v] modA;qy;
Interchanging x and y in the above equation, we obtain
[y * [x, [z, ull, v] = [z * [y, [w, x]], v] + [u * [y, [x, z]], v] mod A[j,q).
So by the above two Equations and by the Jacobi identity, we deduce
2[x * [y, [z, u]],v]=
=[x * [y, [z u]],v] = [y * [x, [z u]], v]
= [z [x [wyll, vl + [ux[x [y, z]],v] = [z * [y, [, x]], v] — [u* [y, [x, z]], v]
= [z [u [xy]],v] = [u*[z[x y]]v]

= 2z = [u, [x, y]], v] mod Apjiq3-
Since char(FF) # 2, we obtain

[.'X,' * [y' [Zr u]]'v] = [Z * [u, [xr}l]]rv] mod A[j+1]- (30)

Therefore, in the vector space A/A[j41}, we have

[x* [y, [z,]] v] (258)— [y =[x, [z,ul], v] (28229)
(28)(29)(28) (31)

[v =[x, [z, u]],y] = — [x * [v, [z, u]], ¥],

e bzl o] = [z fu oyl o] =
(30)(29)(30) (32)

—[v * [y, [x,¥]], Z] = [x * [y, [v,u]], 7],

and thus
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[x * [y, [z u]l,v] = =[x * [y, [wz]],v] = [x*[y [v,z]],u] = =[x * [y, [z v]] u].
Therefore, we deduce

(31) (31)(33)
[x* [z ullv] = -[xx[vzu]lly] = [x=*[vlzy]]u]

(31)(33)(31)
=~ [+ [ [z Y]] v] = [x * [, [y, 211, v] mod Apja.

It follows that
[x * [y' [Z' u]]' U] = [x * [u' [y' Z]]' U] = [X * [Z' [u' y]]rv] mod A[j+1]'
Finally, since A is Lie-admissible, we obtain
3[x * [y, [z ull,v] =

[x * [y, [z, u]], v] + [x = [u, [y, 2] ], v] + [x * [z, [u, y]], v] = 0 mod Afjq;.
Since char(F) # 3, we have [x [y, [z, u]], v] € A[j;1]. The proof is completed.

We conclude the section with the main result of this subsection, which
generalizes the corresponding property of associative algebras. The results also
published in [49].

Theorem 3.1.8 Let A be an assosymmetric algebra. Then we have

Proof. If i = 1 or j = 1, then clearly we have Id (A[;))Id(Ajp) < 1d(Afiyj-17)-

Now we assume [ = 2 and j = 2. Then by Lemma 3.1.3 (i1) and by identity (19), we
have

[d(ApId(Ay) = (A + Adp) (A + Ajpd)
S A Ay + A Ay + (AgAppA + A4 Ap)A.
So it suffices to show ApjApj € Id(A[i4j-17) if one of i and j is odd. Since
AAp) € A Al + A Ap S Ay + Ay gy,

we may assume that j is odd and thus we may assume j = 3 and i = 2. For all x € A4,
Y € A[;_q) and z € A[j;, by identity (19) and by Lemma 3.1.7, we have

[x,¥]z = (xy)z — (yx)z = x(yz) — y(xz) = x(yz) — x(2y) + x(2y) — y(x2)
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= x(yz) — x(zy) + (x2)y — y(xz) = x[y, z] + [xz, ]

€ AAjiyj-1) + Hd(Apj), Afi-1] € Td(Afiyj-1))-

The proof is completed.

We also note that if i and j are even then Id(Ap)Id(Apj) € 1d(Afi4j-17) In
general for associative algebras [61]. Since associative algebras are assosymmetric
algebras, we know that if i and j are even then Id(Ap)Id(Afj;) € Id(Afiyj-q7) In
general for assosymmetric algebras.

3.2 The algebraic classification of nilpotent assosymmetric algebras

The results of this subsection were published in [41 — 43].

Using the classification of all 2-dimensional algebras [62], it is easy to check
that all 2-dimensional assosymmetric algebras are associative. The present section
presents the algebraic classification of 4-dimensional complex nilpotent
assosymmetric algebras.

The variety of assosymmetric algebras is defined by the following identities of
right- and left-symmetric:

x,y.2z) = (xzY), x,y,z2) = ,x,2),

where (x,y,z) = (xy)z — x(yz).

Central extensions are a crucial aspect of our method for classifying
assosymmetric nilpotent algebras. The central extensions of Lie and non-Lie algebras
have been extensively studied over the years and have been used to classify various
types of algebras [36, 63, 64]. Firstly, Skjelbred and Sund devised a method for
classifying nilpotent Lie algebras employing central extensions [36]. This method has
been utilized to describe all non-Lie central extensions of 4-dimensional Malcev
algebras [63], all anticommutative central extensions of 3-dimensional
anticommutative algebras [65], and all central extensions of 2-dimensional algebras
[66].

3.2.1 Method of classification of nilpotent algebras

We now present an adaptation of the Skjellbred-Sund method for the
classification of nilpotent asymmetric algebras. This method has been used to classify
various varieties of algebras and has been explained in works such as [63, p. 34], [66].
We give only some important definitions. For more detailed information, the interested
reader is referred to these sources. We will also use their notation.

Define an assosymmetric algebra (4, ) over the field of complex numbers C
and let V be a vector space over C. The set of all bilinear maps 8:A X A —V
satisfying the condition that

0(xy,z) —0(x,yz) =0(xz,y) — 0(x,zy),
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0(xy,z) —0(x,yz) = 0(yx,z) — 0(y,xz).

forms a C-linear space, which is denoted as Z?(A4,V). These maps are referred as
cocycles. Given a linear map f from A to V, we can define cocycle §f:AX A —V
with 6f(x,y) = f(xy). Coboundaries are defined as the elements of the linear
subspace B2(4,V) = {0 = &f : f € Hom(A4,V)}. The second cohomology space
H2(A,V) is defined to be the quotient space Z2(4,V)/B%(4,V).

Let Aut(A) be the automorphism group of the assosymmetric algebra A and let
¢ € Aut(A). Every 0 € Z2(A,V) defines ¢0(x,y) = 0(¢p(x), p(y)), with ¢ €
Z?(A,V). It is easily checked that Aut(A) acts on Z?(A,V), and that B2(4,V) is
invariant under the action of Aut(A4). So, we have that Aut(A) acts on H2(4, V).

Let A be an assosymmetric algebra of dimension m < n over C, V' a C-vector
space of dimension n — m and 6 a cocycle, and consider the direct sum Ag = A PV
with the bilinear product “ [—, —] 5, defined by [x + x",y + y'] 4, = xy + 6(x, y) for
allx,y € A, x',y" € V. Itis straightforward that Ag is an assosymmetric algebra if and
only if § € Z2(A,V); it is called an (n — m)- dimensional central extension of Aby V.

We also call the set Ann(0) = {x € A:0(x,A) + 6(A, x) = 0} the annihilator
of 6. We recall that the annihilator of an algebra A is defined as the ideal Ann(4) =
{x € A:xA + Ax = 0}. Observe that Ann(4y) = (Ann(0) N Ann(A)) D V.

Definition 3.2.1 [63, p. 35] Let A be an algebra and I be a subspace of Ann(A).
IfA = A, @I thenl is called an annihilator component of A.

Definition 3.2.2 [63, p. 35] A central extension of an algebra A without
annihilator component is called a non-split central extension.

The following result is fundamental for the classification method. For the proof,
we refer the reader to Lemma 5 in [63, p. 35].

Lemma 3.2.3 Let A be an n-dimensional assosymmetric algebra such that
dim Ann(A) = m # 0. Then there exists, up to isomorphism, a unique (n —m)-
dimensional assosymmetric algebra A' and a bilinear map 0 € Z*(A,V) with
Ann(A) N Ann(0) = 0, where V is a vector space of dimension m, such that A = A’
and AJAnn(A) = A".

Now, we seek a condition on the cocycles to know when two (n — m)-central
extensions are isomorphic. Let us fix a basis e, ..., e; of V, and 8 € Z2(4,V). Then 8
can be uniquely written as 8(x,y) = ¥5_, 0;(x,y)e;, where 6; € Z2(A, C). It holds
that 8 € B2(4,V) if and only if all 8; € B2(4, C), and it also holds that Ann(8) =
Ann(6,) N Ann(6,) ...N Ann(fs). Furthermore, if Ann(6) N Ann(A) = 0, then Ay
has an annihilator component if and only if [0,], [0,], ..., [0] are linearly dependent in
H?2(A4, C) (see [63, Lemma 13]).

Recall that, given a finite-dimensional vector space V over C, the Grassmannian
Gr (V) is the set of all k-dimensional linear subspaces of V. Let Gg(H?(4, C)) be the
Grassmannian of subspaces of dimension s in H?(4,C). For W=
([61],103], ..., [65]) € Gs(H2(4, ) and ¢ € Aut(A), define W =
([¢01], [#05], ..., [pO]). It holds that pW € Gg(H?(4, C)), and this induces an action
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of Aut(A) on G4(H2(4,C)). We denote the orbit of W € G4(H2(4,C)) under this
action by Orb(W). Let

Wl = ([01]1 [92]r L] [95]); WZ = ([191]; [192]; ] [195]) € GS(HZ(Ar (C))

Similarly to Lemma 15 in [63, p. 41], in case W; = W,, it holds that

ﬂ Ann(6;) N Ann(A4) = ﬂ Ann(9;) N Ann(A),

and therefore the set

Ts(A) = {w = ([61], (6], ..., [65]) € Gs(H2(4, ©)): ﬂ Ann(6;) N Ann(4) = 0}

=1

is well defined, and it is also stable under the action of Aut(A) (see Lemma 16 in [63,
p. 41]). Now, let V be an s-dimensional linear space, and let us denote by E(4, V) the
set of all non-split s-dimensional central extensions of A by V. We can write

E(A' V) = {AG: H(Xr y) = Z Hi(xJ y)ei and ([91]1 [82], ey [95]) € TS(A)}

=1

Finally, we have main lemma, which can be proved as Lemma 17 in [63].
Lemma 3.2.4 [63, p. 41] Let Ay Ay € E(AV). Suppose 6(x,y) =
io1 0i(x,y)e; and 9(x,y) = Yi—q 9;(x,v)e;. Then the assosymmetric algebras Ag
and Ay are isomorphic if and only if

Orb([gl]r [92]7 ey [95]) = Orb([ﬂl]' [192]' ey [195])

Then, it exists a bijective correspondence between the set of Aut(A)-orbits on
T;(A) and the set of isomorphism classes of E(A4,V). Consequently, we have a
procedure that allows us, given an assosymmetric algebra A’ of dimension n — s, to
construct all non-split central extensions of A’
Let A’ be an assosymmetric algebra of dimension n — s. Then:
1. Compute base for Z2(4’, C);
Compute base for B2(A’,C) and H%(A’, C);
Compute Aut(A");
Compute base for Ann(A") and Ann(A") N Ann(0);
Compute Aut(A")-orbits on T, (4");
6. Construct a new finite-dimensional nilpotent assosymmetric algebra
associated with a representative of each orbit.

Nk
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Let A be an assosymmetric algebra and fix a basis eq, e,, ..., e,,. We define the
bilinear form A;;: A X A — Cby A;;(e;, ep) = 6,0, Then the set {Aij: 1<i,j<n}
is a basis for the linear space of the bilinear forms on A, and in particular, every 8 €
Z*(A,V) can be uniquely written as 8 = Y, ; j<n C;;4;j, where ¢;; € C.

We now describe algorithms to handle steps from 1 to 4. The remaining two
steps are worked out by hand.

Let A" be an algebra with basis {e;:i = 1,2,...,n}. We use the following
notations: A; ; is the bilinear form A; j: A" X A" — C such that

A; (e ex) = 66k (34)
The set {A;;:1 <1i,j <n} is the basis of Z*(4’,C). Every 6 € Z2(A',C) can be
uniquely written as 0 = Y1 ;< A jA; j where 4; ; € C.

Now, we give algorithms to compute the above-mentioned steps. The first
algorithm shows how to compute Z2(A’, C) given the dimension, the product rule, and
the polynomial identities. It amounts to defining the symbolic equations and calling the
symbolic solver from the relevant programming language.

Algorithm 1: Algorithm to compute the basis for the Z2(A’, C)

Input: Dimension of your algebra: n, Bilinear product rule: pr(-,-),
Identities: {Ideny,...,Iden,,}.
Define a symbolic basis for algebra A”: {ey,...,e,}
Define symbolic cocycles, a bilinear function: 6(-,-) = 377" AijAi;(:, )
Let k be the number of variables used in the Identities.
for (i1,...,i) € {1,...,n}* do
for j=1:mdo
Define an eq(iy, . .., i, j] that is obtained by applying € to Iden;
when eliy], ..., e[ix] are substituted.
end
end

Use the built-in ‘solve’ function to solve the system {eg}.
Output: Basis for Z2(A,C): Z2A

Figure 1 — Computation the basis for the Z2(4’, C)

The next algorithm uses outcomes of Algorithm 1 (Figure 1) together with the
same inputs. In this case we aim to compute bases for B%(A’, C) and H?(A’, C). It does
not require any tricks to obtain a basis for B%(4’,C) but simply write them down
manually from the given polynomial identities. In terms of coding, this means asking
the programming language to read the coefficients of polynomial expressions. As for
the second part, we recall that B2(A’,C) c Z%(A',C) and H?(A",V) = Z3(A',V)/
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B%(A',V). Thus, the problem of finding a basis for H?(A’,C) is equivalent to
completing the basis of Z2(A’, C) given the basis of B2(4’, C).

Algorithm 2: Algorithm to compute the bases for B%(A4’,C) and
H?(A',C)
Input: Dimension of your algebra: n, Bilinear product rule: pr(-,-),
Identities: {Ideny,...,Iden,,}, Basis for Z2(A’,C) : {z1,..., 2k}
From pr(+,-) obtain a basis for B*(A’) : B2A = {by,...,bs}
Define empty set H2A := {};
fori=1:kdo
if z; & span(B2A) then
Add zZ; to HQA,
Add z; to B2A,;
end

end
Output: Basis for B2(A4’,C) and H?(A’,C): B2A, H2A

Figure 2 — Computation the bases for B2(A’,C) and H?(4', C)

Computing the Aut(A"), Algorithm 3 (Figure 3), is one of the main steps in the
above-described method and the one with a large computational cost. We may
represent an automorphism with an n X n invertible square matrix that respects the
bilinear product rule. This requires defining a symbolic matrix and defining a system
of symbolic equations and finally calling the solve function.

Algorithm 3: Algorithm to find the automorphism group
Input: Dimension of your algebra: n, Bilinear product rule: pr(,-)
Define matrix GAut,,«,; Define homomorphism function
Fl{z,y}] = pr(Flz], Fly]] - Flpr(z, y]]
Define mapping of basis by Fle;] = > 7_; Aije;;
for 4,5; n do
| Substitute basis to F'[{e;, €;}] and define by Eq
end
Use "solve" to find is a set of solutions A;; and defined by Solution;
Obtained solutions substitute to matrix GAut, that is
for : = 1; Length[Solutions] do
| Mat[i]| = GAut/.Solution[[t]]
end
Define set Automorphism={};
if Det[Mat[i]]! = 0 then
| Add to Automorphism
end
Output: Matrix forms of Automorphism group: Automorhism

Figure 3 — Finding the automorphism group
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The next three algorithms are allocated for step 4 to compute annihilators. The
Algorithm 4 (Figure 4) computes the action of the automorphism group on H?(4’, C)
and uses outcomes of Algorithm 2 (Figure 2) and Algorithm 3 (Figure 3). Action of
automorphism group defined by ¢p7 * M * ¢p where ¢ € Aut(A") and M is matrix form
of H?(A’, C).

Algorithm 4: Algorithm of action of the automorphism group on
H%*(A',C)
Input: Automorphism group of algebra, basis of H?(A’, C).
for i = 1; Length[Automorphism| do
ActAut[i] =
Transpose[ Automorphism|[i]]]. M atriz F orm H2. Automorphism]|[i]|
end
Output: Action of automorphism group on H?(A’,C): ActAutl[i]

Figure 4 — Action of the automorphism group on H?(4’, C)

Next algorithm uses Algorithm 5 (Figure 5) to compute bases for Ann(A4').
Again one needs to define the system of polynomial equations and call the solver.

Algorithm 5: Finding basis of annihilator.
Input: Multiplication of basis elements
Define linear combinations of basis elements of algebra by
SumElemOFAnn;
Define empty set by ProdSumElemOFAnn;
for i = 1;dim do

pr[SumElemOFAnn, eli]] == 0 add to ProdSumElemOFAnn;
prlefi], SumElemOFAnn| == 0 add to ProdSumElemOFAnn;
end
Solve ProdSumElemOFAnn after obtaining solution put to
SumElemOFAnn;

Output: Basis of Annihilator: SpanAnn.

Figure 5 — Finding basis of annihilator

Finally, the last algorithm below (Figure 6) uses outcome of Algorithm 5 (Figure
5) and gives conditions of Ann(A") N Ann(6) = 0:
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Algorithm 6: Intersection condition of Ann(A’) and Ann(6) :
Input: A’is n dimensional algebra, basis of Ann(A’) and basis of
H%*(A',C)
Define the following :
Linear combinations of basis elements of Ann(A’) by SpanAnnl.

Define A; ;

OpenBraket[x_,y_| = x|y];
ConditionOfAnnAndTheta = {};
for j;n+1 do

for i;Length/H2] do
Sum|a;OpenBraket[H2|[i]||,{SpanAnn1[[1]], e[j|}]==0 add to
ConditionOfAnnAndTheta;
Sum|a;OpenBraket[H2|[i]]|,{elj],SpanAnn1[[1]|}|]==0 add
to ConditionOfAnnAndTheta;
end
end
Output: Condition of Ann(A") N Ann(f) =0:
ConditionOfAnnAndTheta

Figure 6 — Intersection of Ann(A") and Ann(6)

3.2.2 The central extensions of low dimensional nilpotent assosymmetric
algebras.

We distinguish two main classes of assosymmetric algebras: the “pure” and the
“non-pure” ones. By the non-pure ones, we mean those satisfying the identities
(xy)z = 0 and x(yz) = 0; the pure ones are the rest.

These “trivial” algebras can be considered in many varieties of algebras defined
by polynomial identities of degree 3 (associative, Leibniz, Zinbiel, etc.), and they can
be expressed as central extensions of suitable algebras with zero product. Those with
dimension 4 are already classified: the list of the non-anticommutative ones can be
found in [67], and there is only one nilpotent and anticommutative algebra.

Theorem 3.2.5 Let A be a nonzero 4-dimensional complex nilpotent “pure”
assosymmetric algebra. Then, A is isomorphic to one of the algebras listed in Table
A.1 in Appendix A.

Remark 3.2.6 Let A be a 4-dimensional nilpotent non-associative
assosymmetric algebra. Then A is isomorphic to one algebra from the following list

AGy, Aga (a0 # 1), Ags, Aga(a # 1), Age(a # 1), Agy, AGs, Ager Atos
Aty ATy, Als, Al ATs, Als, ATy, Alg(a # 1), Ao, A3,

Proof of Theorem 3.2.5. There are no nontrivial 1-dimensional nilpotent
assosymmetric algebras, and there is only one nontrivial 2-dimensional nilpotent
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assosymmetric algebra (namely, the non-split central extension of the 1-dimensional
algebra with zero product):
2% . : —
Apy Otz €161 = éy.

From this algebra, we construct the 3-dimensional nilpotent assosymmetric algebra
A3t = A% @ Ces. Also, the reference [66, p. 10] gives the description of all central
extensions of A%; and 9t,. Choosing the assosymmetric algebras between them, we
have the classification of all non-split 3-dimensional nilpotent assosymmetric algebras:

Ag; b Mz ¢ ere =eg, €26, = €3;

Ag;, : (mz)az : €16y = €3, €61 = —€3;

AgZ(O() : (9?2)3,3 . 6161 = ez, €61 = €3, €26, = €3;
Ag1 : (A%; 31 - €161 = €y, €261 = €3;

Agz(a) : (A%; 32 + €161 = €y, e, = é3, €261 = ues.

Now we consider 1-dimensional central extensions of 3-dimensional nilpotent
assosymmetric algebras. In the following table, we give the description of the second
cohomology space of 3-dimensional nilpotent assosymmetric algebras.

Table 1 — the cohomology space of 3-dimensional nilpotent assosymmetric algebras

A Z%(A) BZ(A) HZ(A)
A%’i (A11, 812, D13, 851, D34, As3) (A11) ([A12], [A13], [A21], [A34], [A33])
A%; (A11, D12, 851, A55) (Aq1 + A37) ([A12], [A21], [A22])
A%; (A11, D12, 851, A55) (D12 — Dyy) ([A11], [A21], [A22])
A%Z(a (A11, 812,851, A55) (alyq + Ay + Ayy) ([A12], [A21], [A22])
1)
A%Z(l) A1, 812,821, A1 + Ays, (Aq1 + A1 +4A37) <[A12]; [A21], [A31] + [A23], )
App,A13 —Agy + Ay [A25], [A13] — [Azp] + [Azs]
A?)l (Aler12:A21'A13 - Azz - 2A31 (All'A21> ([Alz]: [A13] - [Azz] - 2[A31]>
Agz(a) A11,A12,44, (A11' ) [A24],
((@ —2)A13 + (1 — 2a)A3; +) Ay, + alyy ((@—2)[A13] + (1 —2a)[A31] +)
(a —a? —1)A,, (@ — a? — 1)[A;,]

Remark 3.2.7 From the description of the cocycles of the algebras A3,, A3y and
A3 (@) g1, it follows that the 1-dimensional central extensions of these algebras are
2-dimensional central extensions of 2-dimensional nilpotent assosymmetric algebras.
Thanks to [66, p. 18-22] we have the description of all non-split 2-dimensional central
extensions of 2-dimensional nilpotent assosymmetric algebras:

4 . 2% . — — —
Ags (Aj1 41 - €161 = €3, €163 = €4, €61 = €3.

Then, in the following we study the central extensions of the other algebras.
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1) Central extensions of AJ;. Since the second cohomology spaces and

automorphism groups of A3% and NVZ* (from [11]) coincide, these algebras have
the same central extensions. Therefore, from [11, p. 19] we have all the new 4-
dimensional nilpotent assosymmetric algebras constructed from A3::

Ag4(“)! AgSl Agé (a)aio' Ag% Agg; Ag9'

The multiplication tables of these algebras can be found in Appendix A.
2) Central extensions of A3 (1). Let us use the following notations:

Vi= [A12], V,= [A21];V3= [Azz],
Vy=[A13] = [Azz] + [Ag3], Vs= [Azq] + [Ags].

The automorphism group of A3% (1) consists of invertible matrices of the form

X y 0
p=|—-y x—-y O
zZ u x2 — xy + y?
Since
* * *
0 aq ay a a; 29
o7 a, a; a, + as b = a*+a, at+a; ay+as
- )
as —a, 0 a: —a; 0

we have that the action of Aut(A35(1)) on the subspace (¥7_; @;V;) is given by
(Y2, ;V;), where

ai = x(x—ya;—y’a, —ylx—yaz+ Ww—2)(x —y)a, — yu — z)as;

a = y(x —y)ay + x?a; — xyas + u(ya, + xas);

a; = yQ2x —y)a; + y2x — y)a, + x(x — 2y)a; + (uy — xz)a, +
+(ux —z(x — y))aS;

@, = (x2 = xy + y?)((x — y)a, — yas);

as = (x? —xy + y*)(ya, + xas).

The element a;V; + a,V, + a3Vs gives a central extension of a 2-dimensional
algebra. From here, we have the following new cases:
l. a5 =0,a, # 0. Then
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a) If @, = 0, then choosing x = —, =0,u=x(“3—_“1),z=ﬂ'we
2 X =357 a .
4 4 4
have the representative (V).
b) If a, # 0, then choosing x = 22,y = 0,y = &%) , _ X% oo
2 g y
Ay Ay 4

have the representative(V, + V,).

2. as # 0 and a? + a,as + aZ # 0. Then by chossing x = — =%,y =
1,u = 0,z = 0 we have the case (1).

3. as # 0 and @2 + a,as + a2 = 0. Then as = qa,, where q = %

Now we have following cases.
(a) If a; + a, — a3(1 + g?) # 0, then by choosing

=a1+a2—a3(1+q2) xa,  x(qa; — ay)

) - ) - ) - )

Us as Us

we have the representative (Vs + V, + qVs).
(b)If a; + a, — a3(1 + g?) = 0, then by choosing

1 X x(qa, — az)
x=3—,y=0'u=——'2= )

V&g Us as

we have the representative (V, + qVs).

Now, we have the following new algebras constructed from A3;(1):

4, — _ — —
Ay e1eq = e3 e1e3 = e, e,eq = e; €,6, = €3
€263 = €4 €36, = —é,.
Ail-l: €161 = €3 €163 = €, €,61 = €3 + €4 €76, = €3
€263 = €4 €363 = —€y;
A}, ejeq =e; ee3 = e, e,e; = e e,e, = e3 + ey,
1++/3i —1++/3i €28, = —@y,"
ey =——ey eze; =———ey 3~2 4>
Alz: eje;=e ee3 =e e,eq = e e,e, = e
13° €161 = €3 163 = €4 261 = €3 262 = €3
1++/3i —1++/3i -6, = —ey"
ey =———ey eze; =———e€ 7 v
Al eeq =e; ee3 = e, e,e; = e e,e, = e3 + ey,
_ 1-v3i _ —1—+/3i Cr8, = —@,:
€03 =——ey €38 =———¢e, 3%2 4>
4 . _ _ — —
Ajs: ejeq = e3 €163 = e, e,eq = e; €,6, = e3
_1-v3i _ —1-3i Calr = —E,.
€263 = €4 €361 =€ 372 4



3) Central extensions of A3;. Let us use the following notations:

Vi= [A12];V2= [A13] - [Azz] - 2[A31]-

The automorphism group of A3, consists of invertible matrices of the form

x 0 O
¢= y xz 0
z xy x3
Since
0 a, ay a” a;  a;
0 —-a, 0 a*” —a, 0
T 2 _ 2
P\ =2a, 0 0 [T\ =203 0 0 |

we have that the action of Aut(A43;) on the subspace (Y2, @;V;) is given by
(Y2, a;V;), where

a} = x3ay;  ay = xta,.

It is straightforward that the elements a V; lead to central extensions of 2-dimensional
algebras. The new cases are following:

l. a; # 0,a, # 0. Choosing x = %, we have the representative (V; + V,).
2

. 1 .
2. a; = 0,a,; # 0. Choosing x = T Ve have the representative (V,).

We have the following new algebras constructed from A3:

4 . — — — —
Ale: e1e1 = e €261 = €3 €162 = €4 €163 = €4
€28y = —€y  €3e; = —2ey;
4 . — — — S
Ai;: eeg =ey e,e; = e;3 €163 = €4 €,6, = —€,
e3eq = —2ey.

4) Central extensions of A3, (a). Let us use the following notations:

Vi=[A21], Vo= (@ — 2)[A3] + (@ — a® — 1)[Az,] + (1 — 2a)[A34].
The automorphism group of A3, () consists of invertible matrices of the form
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x 0 0

¢ =|Yy xz 0 .
z (a+1Dxy x3
Since
0 0 (a—2)a,
o7 | @ (a—a?—-1Da, 0 b =

1-2a)a, O 0
a* at (a —2)a;
aa* + a; (a—a?—1a; 0
(1-2a)a; 0 0 ’

we have that the action of Aut(A43,(a)) on the subspace (¥2_; @;V;) is given by
(Y2, a;V;), where

aj = x3a; — 3(a + Dax?ya,; a; = x*a,.

The element a;V, gives a central extension of a 2-dimensional algebra, then we will

consider only cases with a, # 0. We find the following new cases:
1 X1

A, and y = 3(a+1)aa,

I. a # 0,—1, then choosing x = — , we have the

representative (—V,).
2. a = 0ora= —1 then:

(a) if @y # 0, then choosing x = %, we have the representative (V; + V,).
2
1

4 sz’

(b) if ; = 0, then choosing x = we have the representative (V).

Now we have all the new 4-dimensional nilpotent assosymmetric algebras
constructed from A3, (a): Afg(a), Aly, A3 (see Table A.1 in Appendix A).

Summarizing above results the Theorem 3.2.6 is proved.

Another main result of the present section is the following theorem:

Theorem 3.2.8 Let A be a 5- or 6-dimensional complex one-generated nilpotent
assosymmetric algebra, then A is isomorphic to an algebra from the Table A.3 or Table
A.5 in Appendix A.

From Theorem 3.2.5 we have a description of all 2-, 3- and 4-dimensional one-
generated nilpotent assosymmetric algebras:
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Table 2 — 2-, 3- and 4-dimensional one-generated nilpotent assosymmetric algebras

A3, |eie1 = e
A3, |eie; = e3 €261 = €3

A3, () |e1e1 = € €162 = €3 €261 = aeéj
Aj, |eie1 = ez eje; = ey ee; = e3
A4' elel == 6’2 ezel == 33 6162 == 84 ezez - _94 6163 == 64

02 €361 = —2€,
A% €161 = € €163 = €4 €61 = €3
03 le,e, = —ey ese; = —2e,

A4 (@) €161 = € €16, = €3 ejes = (2 — a)ey
04 e,e; = ae; ee, = (a? —a + 1)ey ese; = Ra — 1)e,
4 e1e1 = e, €16, = €3 e1e3 = —2ey,

05 | ee; = ey €262 = —€4 €361 = €4
A4 e1e1 = e, €16, = €3 e1e3 = —3ey
06 |e,eq = —e3 + e, e,e, = —3e, ese; = 3ey

Proof Theorem 3.2.8. We consider 2-dimensional central extensions of 3-
dimensional one-generated algebras.The second cohomology spaces of algebras
A3, A3, (a) given in [43]. Therefore, 2-dimensional central extensions of these
algebras gives the following two algebras:

5 . — — _
AQy:  ee; = e €16, = ey e,e3 = eg
€261 = €3 €262 = —€;g eze; = —2es;
5 ) — — — (o —
A (a): ejeg = e, e,e, = eg e;es = (a — 2)es

e,e; = ae;+e, e,ey; = (a—a?—1)es eze; = (1 —2a)es.

Remark 3.2.9 Extensions of the algebras Ay,, Agz, Ags(Q)gz1, Ags and Age
give algebras with 2-dimensional annihilator. Then, in the following subsections we
study the central extensions of the other algebras.

All  multiplication tables of 4-dimensional one-generated nilpotent
assosymmetric algebras is given in Table A.1 (see, Appendix A). All relevant details
about coboundaries, cocycles, and second cohomology spaces for five-dimensional
one-generated nilpotent assosymmetric algebras were obtained using the code
specified in [41], and can be found in Table A.2 (see, Appendix A).

1) Central extensions of Ag;. Let us use the following notations:

Vi=[Ag3] + [A41], Vo= [A14] — [A31] — [A41], V3= [Agp] + 2[A3q] + [A44]-
The automorphism group of A3, consists of invertible matrices of the form
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x 0 0 O

y x2 0 0

¢=1 xy x3 0

t xy 0 x3

Since
0 0 a; a, a” a™ ai a;
0 a; 0 0 ™ a; 0 0
7| —a, + 2a5 0 0 0 |[¢p=]|—-a+2a3 0o 0 0 |

a,—a,+az; 0 0 O ai—a,+az; 0 0 O

we have that the action of Aut(A%;) on the subspace (Y3, @;V;) is given by
(Y3, a;V;), where

a; = x*ay, a5 = x'a,, a3 = x*as.
For 1-dimensional central extensions we have the following new cases:

I. Ifa; #0,a, = 0,a3 = 0, then x = %, we have the representative (V);

) Vay
2. Ifay, # 0,a3 =0, thenx = —,a = 21 we have the representative
Va, ar

(aVy + V,);
3. Ifaz # 0, then x =
(a'V1 + BVZ + Vg)
From here, we have new 5-dimensional one generated assosymmetric algebras
constructed from Ag:

a a .
1,8 = =2 we have the representative

1
—a = —
o’ as as

5. — — — —
Aps: e1e1 =€, e1e; =ey e,e; = e3 eie3 = eg
€61 = €5,
5 . — — — —
A04_(a). elel = ez eleZ = 94_ ezel = e3 6163 = 0.’85
eje, = es eze; = —es ege; = (a — 1)es;
5 . — — — —
Ajs(a, B): erep =e;, eje; =ey e,e; = é3 163 = aes

eje, = Pfes eze; =es eze; = (2—Ples ese; = (a—f + 1es.

For 2-dimensional central extensions we consider the vector space generated by
the following two cocycles

91 = 0.’1V1 + a2V2 + 0(3V3,
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0, = B1V1 + B, V5.

Here we have the following cases:

1. If a3 = 0, then we have the representative (V,,V,);

2. Ifaz; # 0,6, # 0,5, = 0, then we have the representative
(Vy, aV, + V3);

3. If ag # 0, B, # 0, then we have the representative (aV, + V,, BV, + V3).

We have the following new 6-dimensional one-generated nilpotent

assosymmetric algebras constructed from Ag,: A, AS,(a), ASz(a, B) (see Table A.5
in Appendix A).
2) Central extensions of Ag,(1). Let us use the following notations:

Vi=[A21], Vo= [A14] + [Az3] + [As] + [Agq].

The automorphism group of Ag,(1) consists of invertible matrices of the form

x 0 0 0
y x? 0 0
¢=1, 2xy x3 0
t 2xz+y? 3yx? x*
Since
a; 0 a, O a*+a; a a; O
dT|0 a, 0 0 |p=|a™ as 0 0 |
@ 0 0 0 o« 0 0 0

we have that the action of Aut(Ag,(1)) on the subspace (Y2, a;V;) is given by
(Y2, a;V;), where

a; = x3a;, a5 = x°a,.

For 1-dimensional central extensions note that if &, = 0 then we obtain algebras
with 2-dimensional annihilator. Therefore, we have two representatives (V,) and
(V4 + V,) depending on whether a; = 0 or not.

We have the following new 5-dimensional nilpotent assosymmetric algebras
constructed from Ag,(1): A3, and A3, (see Table A.1 in Appendix A).

For 2-dimensional central extensions we have only one new 6-dimensional
nilpotent assosymmetric algebras constructed from Ag,(1):
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A84 . 6161 - 62 6162 ES 33 ele3 ES 34_ 616’4 ES 35 ezel - 83 + 6’6

ezez ES 64 3233 ES 35 6381 ES 34_ 3332 ES 35 3491 - 35.

Summarizing results of the previous sections, we have the first part of Theorem 2.7.

All  multiplication tables of 5-dimensional one-generated nilpotent
assosymmetric algebras is given in Table A.3 (see, Appendix A). All necessary
information about coboundaries, cocycles and second cohomology spaces of 5-
dimensional one-generated nilpotent assosymmetric algebras were calculated by the
code in [41] and given in Table A.4 (see, Appendix A).

Remark 3.2.11 Extensions of the algebras A3y, A3,(@)gz1, A33, A3.(@) and
AES(CK,,B)“%(BJ_F\/W) give algebras with 2-dimensional annihilator. Then, in

the following subsections we study the central extensions of the other algebras.
3) Central extensions of A3,(1). Let us use the following notations:

Vi=[A13] = [A41], Vo= [Ar4] + [A31] — [Ag4],
V3= [A1s] — [Az3] — [A32] + [As4].

The automorphism group of A3, consists of invertible matrices of the form

x 0 0 0 O
y x? 0 0 0
dp=|z 2xy x3 0 0
t xy 0 x3 0
w —y%2—2xz -3x%y 0 «x*
Since
0 0 aq a, Qs
0 0 —az; 0 O
T az _a3 0 O 0 _
¢ —a;—a, 0 0 0o o |97
as 0 0 0 O
a*” ar —as 0 O
a,+a* —a; 0 0 0
—a;—a, 0 0 0 O
o 0 0 0 0
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we have that the action ofAut(Ag7) on ( 3 aiVi) 1s given by ( > afVi), where

a; = x*a;, a5 = xta,, af = x°as.
We have the following case:
1. If a, # 0, then choosing x = % we have the representative
3
(a’Vl + Vz + V3),
2. If @, = 0, we have two representatives (V3) and (V; + V3) depending on
whether a; = 0 or not.

Consequently, we have the following algebras from A3, (1):

Ajs(a): eje; = e, e1e; = €3 eje; = —es + aeg
e1e4 = €q e1es = eq e,e1 = ezt ey
e,e, = —eg e,e3 = —eq ese; = —es + eq
€362 = —€¢ ese; = —(a + Deg ese; = €g;

ASe:  eeq = ey eje, = e3 eje3 = —es + eg
€165 = eg e,e1 =e; + e, e,e, = —eg
e,e3 = —€q e;e; = —eg €36, = —eq
€461 = —€¢ €561 = €e;

AS;:  ee;=e; €162 = €3 €163 = —€;5
e1es = eq e,e1 = ezt ey e,6, = —€xg
e,e3 = —€q e;e; = —eg €36, = —eq
ese; = eg.

4) Central extensions of A3 (a, B). Here we will consider the special cases for a =
(B + =2+ 68— 3p2).

The automorphism group of A3 (a, B) consists of invertible matrices of the form

x 0 0 0 :
/Z x? 0 0 ] \
X
.y x3 0 0
5= . 0 53 o |
\v x3((2—ﬁ+a))zc;|-(1+a)t)+3’2 (a—28+4)xy (a+pB+Dxy x4/

Let use the following notations:
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Vi=[A14] = [A31] = [A41], Vo= [Ag3] + [Ag4],
Vi= (28 — D[Ass] + QaB — 2B + D[Az] + (@ + 2% =38 + D[A,] +
Ba — 2ap + 2,82 — 38+ 1)[A3,] + Qa —2aB + 28 — 1)[A,,]

+2a — 28 + 1)[As1].

So,
0 0 a, a, 2B —1Das
0 0 Qap -2+ Da; (a+2p?>-38+1)a; 0
o7 |~ (Ba—2af+2p?>-38+1az 0 0 0 b=
—ay +a, Qa —2ap + 28 —1as 0 0 0
Qa—28+1a; 0 0 0 0
a*r a™ aa* + a; Ba* + aj 28 — Das
a** at Qap -2+ Da3 (a+2p2-38+1a; 0
2-Ba*—a; Ba—2ap+2p?>-38+a; 0 0 0
A-B+a)a" —aj ++a; QRa—-2aB+28—1az 0 0 0
Qa—-28+ a3 0 0 0 0

we have that the action of Aut (Ags(a, ,8)) on the subspace (Y-, @;V;) is given by

(Y3, a;V;), where

a; = x*a;— BB —2)AB — 2a — 2)azx?y,
a; = x*a;—(B(B—2)(2B — 1)+ a(2B? - 4B + 3))azx?y,
ay; = x°as.

We are interested only in the cases with a3 # 0. Now we obtain the following cases:
1. For (B —2)2 — 1)+ a(2B?> — 4B +3) # 0 :
@1f28(8 - 2)(2f —a — Day = ay (BB - 2)(2f — 1) +

2 _ ; -1 — g%
a2 — 4B + 3)), then by choosing x = S and y = 3 2)@p-Dracpapiay V€
have the representative (V3);

0 If28(8 —2)(2f —a — Da, # a, (BB - 2)(2 - 1) +
a(2B% — 4p + 3)), then by choosing

a,(@(2B2-4B+3)+B(B—2)(2B—1))+2a,B(B—2)(a—2+1)
B(B-2)(2B-D+a(2B2-4f+3)

X =

and
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o, x>

T B(B-2)2B -1 +a(2BZ— 4B +3)

y

we obtain the representative (V, + V).
From the above cases we have new parametric algebras A$(5), AS(B), AS,(B),
A%, (B) (see Table A.5 in Appendix A).
2. The condition § = 1, for a = %(ﬁ + \/—2 + 6 — 3,82) gives a = 1,
that is A3:(1,1). The base of the second cohomology of this algebra spanned by
elements:

Vi=[A14] = [A31] = [A41], Vo= [A13] + [Ag4],

V= [Ags] + [Azs] + [Aza] + [Azz] + [Ago] + [Asy].

Since
0 0 a a; a3
0 0 a3 a3 O
r| —aq az; 0 0 O _
¢ a,—a; a3 0 0 O ¢

as O 0 0 O
a*** a” at+a, at+ta; az
a*** a*  az as 0
at —ag az; 0 0 0
a*—a;+a, az; O 0 0
a; 0 0 0 0

we have that the action of Aut (A?,S(l,l)) on the subspace (¥3-; a;V;) is given by

( ?:1 a’;‘Vi), where

ai = x*ay, a; =x*a,, af = azx®.
We are interested only in a3 # 0, then we have the following cases:
y 3 N A g
(a) If a, # 0, then for x = a—z, a = a—l we have the representative
3 2
(a'V1 + Vz + V3)
(b) If @, = 0, then also we have two cases:

1. Ifa; # 0, then x = %, and we have the representative (V; + V3);
3

. 1 :
i. If a; = 0, then x = Tay and we have the representative (V3);
3
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Consequently, we have the following algebras from A3 (1,1): A§g(1), A§e(1),
A$, () (see Table A.1 in Appendix A).

3. The condition = %gives a=1fora = %(ﬁ + \/—2 + 6 — 3,6’2), that

is A3s (1, g) So, the second cohomology space of A3 (1, g) spanned by elements:

Vi=[Aga] = [A31] = [A41], Vo= [Ag3] + [A44],

V3= 2[As5] + [Az3] + 2[Az4] + [A35] + [A42].

Since
0 0 a, a 2a3
0 0 a3 2a3 O
| —a1 a; 0 O 0 _
¢ a,—a; a3 0 O 0 ¢

0 0O 0 O 0
arrr ™ as+at o] +3a" 2a3
a*” 20" as 2a; 0
a*—a a; 0 0 0
a,—a;+a* az; 0 0 0
0 0 0 0 0

we have that the action of Aut (A?,S (1,%)) on the subspace (Z?zl aiVi) 1s given by
(Zf’zl a’;‘Vi), where

3
a; = x4a1+5x3ya3, a; = x*a, a3 = xSas.

. . 2x%a
Since a3 # 0, and choosing y = — 1
3 3as

(V, + V3), depending on whether a, = 0 or not.

, we have the representatives (V3) and

We have the following new 6-dimensional algebras constructed from A3 (1, g)
48 (2), 4S5 (see Table A5 in Appendix A).
5) Central extensions of A(5,5 (0, %) If g= % for a = %(,8 — \/—2 + 6 — 3[32)

gives a = 0, that is A3 (O, %) So, the second cohomology space of A3s (O, %)

spanned by elements:

Vi= [A14] - [A31] - [A41],
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Vo= [A13] + [Ay],

Vi= 2[A15] — 3[Az3] — 2[Az4] — 3[Azz] + [Agz] — 4[As].

Since
0 0 a, aq 203
O 0 —30.’3 —20(3 0
r| —aq —3a; O 0 0 _
¢ Ay, —a; a3 0 0 0 ¢ =
—4a; 0 0 0 0
a a*” a; a+at 2az
ar* 2a” —3a; —2a3 0
| —ai +3a” —3a; 0 0 0
a,—a;+a* a; 0 0 0
—4al 0 0 0 0

we have that the action of Aut (A?,S (O,%)) on the subspace (Z?zl aiVi) 1s given by

(Y3, a;V;), where

9
a; = x*a,+ 5x3ya3, a; = x*a;+3x3ya;, ai = xPas.
We are interested in a3 # 0, then we have the following cases:

_ — L - _ X1
1. If 3¢y — 2a, = 0, then x = I and y = 3y V€ have the
representative (V3);
—3a1+2a2

2. If 3y — 2a, # 0, thenx = ——=,y = — 222 and we have the
203 3asz

representative (V, + V).
We have the following new 6-dimensional algebras constructed from

A3 (0, %) A%, and AS: (see Table A.5 in Appendix A).

6) Central extensions of A). Let us use the following notations:

Vi=[A21], Vo= [A1s] + [Azs] + [A33] + [Ag2] + [As4].

The automorphism group of A3, consists of invertible matrices of the form
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x 0 0 0 0
y x? 0 0 0
b=z 2xy x3 0 0
v 2xz+y? 3x2%y x* 0
w  2xv +2yz 3x%z+3xy? 4x3y xS
Since
0 0 0 0 a a oA A A 2
a; 0 0 a, O a;+a" a* a0
o7 0 0 a O O b = a*” a™ a;, 0 0 ,
0O a, 0 0 O a** a, 0 0 0
a; 0 0 0 O a, 0 0 0 0

we have that the action of Aut(A86) on the subspace (Zl-zzl aiVi) i1s given by
(Y2, a;V;), where

*

a; = x3a, a; = x%a,.

We suppose that a, # 0, otherwise obtained algebra gives an algebra with 2-
dimensional annihilator. Therefore, consider the following cases:

1
1. Ifay =0, thenx = %,

2. Ifa; # 0, then x = 3\/?, we have the representative (V, + V).
2

we have the representative (V,);

Hence, we have the following new algebras: AS,, AS, (see Table A.5 in Appendix
A).
7) Central extensions of A),. Let us use the following notations:

Vi=[821], Vo= [A1s] + 2[Az,] + [Az4] + 3[A31] + [A33] + [Ag] + [As4].

The automorphism group of A3, consists of invertible matrices of the form

(—DF 0 0 0 0

x 1 0 0 0
b=y (—1)*2x (—1)* 0 0 ,

z x? + (—1D*2y 3x 1 0

t 2xy + (=1D)*(x +22) (=1D*3x%2+3y (=1)*4x (-1)F

where k € 1,2. Since
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0 0 0 0 a o o @l
a, 20, 0 a, O g +a" 2a;+a™ ™ a; O

r|3a; 0 a, 0 0 b, = 3a; a™* a, 0 0

10 a, 0 0 O l a** a; 0 0 0o [
@, 0 0 0 0 o 0 0O 0 0

we have that the action of Aut(AE’W) on the subspace (Zl-zzl aiVi) is given by
(Y2, a;V;), where

a; = (=Dia; —6xa, a5 = a.
We have only one non-trivial orbit with the representative (V,), and get the

algebra ASg (see Table A.5 in Appendix A).
Summarizing results we have the second part of Theorem 3.2.7.
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CONCLUSION

In conclusion, the dissertation work has focused on two classical problems in
the study of nonassociative algebras, specifically, the study of nonassociative algebras
under a commutator and the classification of finitely dimensional nonassociative
algebras.

Firstly, a criterion was found for determining the Lie elements in a free Zinbiel
algebra. This result is of particular importance as it allows for the identification of Lie
elements in a free Zinbiel algebra, which is a fundamental step in understanding the
structure and properties of these algebras.

Secondly, a basis for special Tortkara algebras was constructed. This result
provides a foundation for further study of these algebras and can be used to develop
new techniques and methods. Additionally, it was shown that there exists an
exceptional homomorphic image of a free special Tortkara algebra with three
generators, and it was proved that any homomorphic image of a free special Tortkara
algebra with two generators is special.

Thirdly, it has been proved that there is no special identity with two generators.
This result has implications for the study of special identities in special Tortkara
algebras and can be used to future research in this area.

Fourthly, an algebraic classification of nilpotent 4-dimensional assosymmetric
algebras was constructed. This result provides a comprehensive understanding of the
structure and properties of these algebras and can be used to guide further research in
this area. Additionally, an algebraic classification of nilpotent 5- and 6-dimensional
assosymmetric algebras with one generator was constructed.

Finally, algorithms were provided with code written in Wolfram Mathematica
to simplify the computational aspects of the classification problem of nilpotent
algebras. The use of Wolfram Mathematica allowed for efficient and accurate
computations, and the authors partially used the "solve" function, a symbolic solver
built into Wolfram Mathematica, when working with a system of polynomial
equations. This is the main function that takes up most of the compilation time. The
codes written by the authors in other software, including Matlab and Python, gave the
worst results in terms of running time and, in some cases, failed to provide any
solutions.

In summary, the results obtained in this dissertation have advanced our
understanding of nonassociative algebras and have provided new techniques and
methods. These results can be applied to further study of Zinbiel algebras under
commutator and can be used in special courses on the theory of free and finite-
dimensional algebras. The work also highlights the importance of using appropriate
software tools when working with symbolic nonlinear equations and the potential for
improving the performance of these tools. Overall, this dissertation work has made a
contribution to the field of nonassociative algebras and sets the stage for future research
in this area.
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APPENDIX A

Table A.1 — The list of 4-dimensional nilpotent “pure” assosymmetric algebras.

4 _ _
Apq €161 = € €16, = €3
4 _ _ _
Apz(a) €161 = €z €162 = €3 €61 = aes
4 _ _ _
Ags €161 = €3 €162 = €4 €261 = €3
4 _ _ _
Aga (o) €161 = € €16 = €4 €261 = ey
€363 = €4
Al ee; =e e.e, = e e,e, = ae
05 161 = €3 162 = €4 2€1 = ey
€163 = €4 €363 = €4
Aje(a # 0) eje; = e, eje, = e, eje3 = e,
ezel = ae4_
4 _ _
Ag7 €161 = €3 €261 = €4 €363 = €4
4 _ _
Aps e1e1 = ey €,61 = €4 163 = €,
4 _ _
Agg €161 = €3 €162 = €4 €361 = €4
4 _ _
A1 €161 = €3 €261 = €4 €163 = €4
e, = €3 €63 = €4 €36, = —é€y
A% eeq =e e,e =e,+e e.e e
11 161 = €3 261 = €3 4 163 = €4
e, = €3
4 _ _
A7, €161 = €3 €xe1 = €3 €163 = €4
€6, = €3+ ey 1+ +/3i —1++/3i
€3 = €4 €361 = €y
€36, = —e, 2 2
4 _
A7z €161 = €3 €xe1 = €3 €163 = €4
e, = €3 1++3i —1 +/3i
€3 = €4 €361 = €y
€36, = —ey 2 2
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Table A.1 — continued from previous page

4 — _
A1y €161 = €3 €xe1 = €3 €163 = €4
ey = e3 t e, 1 —+/3i —1—+/3i
9263 - 2 94 8331 ES —2 64
3332 —_ _34_
4 = —
Ajs €161 = €3 €xe1 = €3 €163 = €4
€26, = €3 1 —+/3i —1—+/3i
9263 - 2 94 8331 ES —2 64
3332 —_ _34_
4 — — —
A €161 = €3 €162 = €4 €163 = €4
e,eq = ez €28, = —@y eze; = _294
4 — —
A1y €161 = €3 €163 = €4 €261 = €3
€,6, = —€y, €36, = —2e,
4 —_— —
Afg(a) €161 = €3 e1e; = €3 ejes3 = (2 —a)e,
e,e; = aes e,e; = (a? —a+1)e, eze; = QRa—1)e,
Af eeq = e ee, = e ee; = —2e
19 161 = €2 162 = €3 163 = 4
6261 = 84 ezez = —84 8361 — _294
A5 eje; = e eje; =e ee3 = —3e
20 161 = €2 162 = €3 163 = 4
e,e1 = —e3 t+ ey e,6, = —3e, eze; = 3e,

Cohomology spaces

of 4-dimensional one-generated assosymmetric

algebras. All multiplication tables of four-dimensional one-generated nilpotent
assosymmetric algebras is given in Table 2. In the present table we collect all usefull
information about Z2,B? and H? spaces for all four-dimensional one-generated
nilpotent assosymmetric algebras that were counted via code in [41].
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Table A.2 — Cohomology spaces of 4-dimensional one-generated nilpotent assosym-
metric algebras

72(A%) (A11,A12, 851,813 + Baq, Dy — Dzgq — Dyq, Agy + 2831 + Ayy)

BZ(Agl) (A11,A12,A51)

H2(A%) ([A13] + [A41], [A14] — [A31] — [A41], [A22] + 2[A31] + [Asq])

ZZ(Agz) (A11,A12,A21, 815 — Bpp — 2434)

B2(4%,) (A11,A51, 815 + Ay3 — App — 2434)

HZ(A‘(%Z) ([A12])

ZZ(A33) (A11,A12,A51, 815 — Bpp — 2434)

BZ(A‘53) (A11,A51, 813 — Apy — 2434)

HZ(A33) ([A12])

Z2(A% (@) gu1) (A11, 012,851, (2 — @)Aq5 + (@ — @ + DAy, + 2a — 1)Azq)

B2(A%, () yuy) (A1, 015 + alyy, (2 — a)Ag3 + (@® —a + 1)Ay, + (2a — 1)A34)

HZ(A& (@)g=1) ([A12])

Z2(A, (D) (A11,A12, 821,813 + Byp + A3y, Mgy + Dgz + Agy + Ayyq)

B2(A%, (1)) |{B11 D12+ 821,813+ Ag5 + Az1)

H2(A4%,(1)) ([A21], [A14] + [A23] + [A32] + [A41])

Z2(A%) (A11,A12, 851, 2813 + Ayy — Agy)

B2(A%.) (A1, 12, =205 + Ayq — Ayy + Agy)

HZ(A35) ([A21])

72(A%)) (A11,A12,821, 813 + Byp — Azq)

B2(A%,) (Aq1,A15 — Ay, —3413 + Ayy — 3055 + 3434)

HZ(42,) ([A13] + [A22] — [A34])
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Table A.3 — The list of 5-dimensional nilpotent “pure” assosymmetric algebras

€161 = € €16 = €4 €163 = €5
5
A%y
€,61 = e3 €,6, = —eg eze; = —2es
45, (@) eje; =e, ee,=e; ee;=(@—2)es ee;=ae; +e,
02
e,e; = (@ —a?—1)es eze; = (1 —2a)es
5 _ _ _ _ _
Al €181 =€, e16; =g, €163 = €5 €,e; = €3 e,e; = eg
elel - ez 8162 - 64 8163 - aes 6164 - 85
5
Aga(a) e,e; =e3 eze; = —es ege; = (a—1)es
A5, (a, B) €161 =€ €16 =¢€4 €163 = Q€5 ere, = Pes
041 e,e1 =e3 eye;=es eze; =(2—Ples eze; =(a—B+1)es
5 _ _ _ _ _
Al €161 =€, €16, =e3 €163 =€, €164 =~E€5 €561 = €3
€6y, = €4 €363 = €5 €361 = €4 €36 =€5 €461 = €5
AgS elel B ez 8162 - 63 8163 = 64 8184_ = 65 6261 ES eg + 65
€, = €4 €363 =€5 €361 =€, €36 =€5 €461 = €5

Cohomology spaces of S5S-dimensional one-generated assosymmetric
algebras. All relevant information about coboundaries, cocycles and second
cohomology spaces of five-dimensional one-generated nilpotent assosymmetric
algebras were calculated by the code in [41] and given in the following table:

Table A.4 — Cohomology spaces of 5-dimensional one-generated nilpotent assosym-

metric algebras

Z2(A30) (11,812,821, D13 + Dyq, Byy + 2037 + Ay1 Ay — Azy — Ayq)
B2(451) (A11,A12,821, 0153 — Ayy — 2A54)
H%(A5,) ([A13] + [A41], [Ara] — [A3q] + [Asq])
72 (A3, (a <A11:A12;A21:A13 + (1 —a)dy +(1- 2“)A41'>
+ 1)) Ay —Dyy — 2049, 805 + A3y + (2 — a)Ayy
B (45, (« (A1, D12, 0z, (@ — 2)Ag3 + (@ — a® — DAy, + (1 — 2a)Az4)
* 1))
H2 (45, (a ([A14] = [A22] — 2[A41], [A2] + [A31] + (2 — a)[A4y])
* 1))
Z2(A3,(1)) | (A11,D12, 821,813 — Dyg, Dop + Agq 4 Byq, Ay + Azg — Ay, Dys — Byz — Az + Asy)
B2(45,(1) (A11,813,851, 015 + Dy; + A5q)
H2(43,(1) ([A13] = [Agq], [A14] + [Azq] — [Agq], [Ags] — [Ap3] — [Asa] + [As4])
Z*(A3) (A1, 812,859, A15 + Dgq, Ay — Dgq — Dyq, By + 2405, + Ayy)
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Table A.4 — continued from previous page

BZ(A(SB) (A11,A12,851, 153 + Ayyq)

H%(433) ([A14] = [A31] = [A41], [Ag2] + 2[A31] + [Aga])
ZZ(A34(6¥)) (D11, D12, 800, 0153 + Agy — A3, Agy — Agq — Dyq, Agy + Ay + Agq)
BZ(A(5)4-(“)) (A11, 812,851, @13 + Ay — Az + (@ — 1)Ay4)
HZ(A84(a)) ([A13] + [Agq], @[Ag3] + 2[A14] + [Agp] + (@ — 1)[Ays])
Z*(A3s(a, B)) (D11, D12, 800, A13 + Agy — B39, Mgy — Agq — Byq, Agg + Ay + Agg)

B2(435(a, B) (A11, 812,851, aB 13 + BA14 + Agp + (2 — B)A31 + (@ — B+ 1)Ay;)
HZ(A(S)S(a'ﬁ) ([A13] + [Aga] = [A31], [A14] = [Az1] = [Ayq])

a+>(B+-2+68—3p7)

|

ZZ(A(SJS(a' B)) A11, 812,851, A14 — D3q — Dyq, Byz + Dyq, 26 — 1)Ags +
+2B(a — 1)+ DAz + (@ + 282 — 38 + 1Ay, + (—2af + 3a + 262 — 38 + 1)A5, +
+(—2{Xﬁ + 20_’ + Zﬁ - 1)A42 + (20! - Zﬁ + 1)A51, Azz + 2A31 + A41

B%(43:(a, B)) (D11, D15, gy, abys + BAy + Doy + (2 — B)Agy + (@ — B+ 1)A,y)

H? (435 (a, B))

[A1a] = [A31] = [A41] [Ar3] + [Asa], 2B — D[Ass] + 2B(a — 1) + D)[Ags] + (@ + 2% = 38 + 1)[Az,]
+(=2af +3a + 2% — 38 + 1)[As,] + (—2af + 2a + 28 — 1)[A4] + Qa — 28 + 1)[As;]

a=2(p+=2+6—3p%)and (@) #(0,2)

1
Z2(455(0,))

<A11' Aig, Ao, Az + Agy, Mgy — Azq — Ay, >
2A15 - 3A23 - 2A24 - 3A32 + A42 - 4A51, Azz + 2A31 + A41

1
B?(435(0.5))

(A11'A121A21! A14- + 2A22 + 3A31 + A41)

H2 (45, (0, %)) ([A14] = [B31] = [D4a] [Ar3] + [A41], 2[A15] = 3[Azs] = 2[Az4] — 3[Az2] + [A4] — 4[As4])

72(43)) <A11; A12,821, 013 + Agp + Az, Agq + Bpz3 + Azp + A41:>

Ajs +Azq + Az + Ay + Ay
B2(A3¢)) (13,815 +Apy, D13 + Agp + Az, Ay + Aps + Agy + Ayy)
H?(A%6)) ([A21], [Ags] + [Agq] + [Azs] + [Ag2] + [Asq])
72(43,) <A11; A12,821, 013 + Agp + Azq, Agq + Bpz3 + Az + A41:>

Al +20,, + Ay + 375 + A5 + Ay, + Ay
B%(A37) (A11,A15 +Agy,Ag3 + Agp + Az, Ay + Apy + Agz + A3 + Ayy)
H?(A3) ([821], [A1s] + 2[Az2] + [B24] + 3[A31] + [A33] + [As2] + [As1])

Table A.5 — The list of 6-dimensional nilpotent “pure” assosymmetric algebras

AS, €161 = €3 €16; = €4 €163 = €5
€6, = € e,e; = ez ese, = —eq
e,e, = es — eg
Af,(a) €161 = €3 €16, = €4 €163 = €5
€164 = Oeg e,e; = ez e,e, = eq

ese; = (2 —a)eg ese; = es — (@ — 1)eg
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Table A.5 — continued from previous page

AG3(a, B) €161 = €3 €162 = €4 e;e3 = aes + Peg
e1e, = €es e,e; = ez €, = €
ese; = —es + 2eq ese; = (@—1es + (B + 1eg
A3, €161 = € €62 = €3 €163 = €4
e1e, = €q e,e; = e3 + eq €, = €,
e,e3 = €g ese; = e, e3e; = es
€461 = €5
ASs(@) €161 = € €162 = €3 eje3 = —es + aeg
e1e, = €q eies = eq e,e1 = e3 + e,
€,6; = —eg e,63 = —ég ese; = —es + eg
€36, = —eg ese; = —(a+ 1eg ese; = eq
Ab, ee; = e, e1e, = eg ele3 = —es + e
eies = eq e,e1 = €3+ e, e,6, = —eg
e,63 = —eg ese; = —eg €36, = —eg
€561 = €¢ €461 = —€¢
A3, €161 = € €162 = €3 €163 = —€;g
eies = eq e,e1 = ez + e, e,6, = —eg
€263 = —€¢ €361 = —€;5 €36, = —€
ese; = eq
M) =2 (s +[CZr 68— 387)
e.e; = e, €16, = ey e1e3 = aes
e1e, = fes eres = (24 —1es €261 = €3
e,e, = es e,es = (2af — 2 + 1)eg

ee, = (a+2B% — 3B + 1eg

eze; = (@ = B)(3 —2B) + e
ese; =(2a—2af +28—1eg

ese; = (2 — Pes

ee; = (@ —pf +1es

ese; = 2a—2p+ 1eg
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Table A.5 — continued from previous page

6 1 3
Ao =2 (p+ V2T 6B —35D).5 %
elel - 92 616’2 == 84 3163 - aes
eje, = fes + eg ejes = (2 —1eg €61 = €3
€,8, = €s e,es = (2af — 2 + 1)eg
ere, = (a + Zﬁz — 3B+ 1eg ese; = (2 —Pes —eq
ese; = ((@—B)(B —2p) + 1eg ese; = (@ —f +1es —eq
ese; =(2a—-2af+2L—1eg ese; =2a—-284+ 1eg
6 1 1
B o= (p-JC2+66-35D) .8 %5
elel - 92 616’2 == 84 3163 - aes
ere, = Pes ejes = (2 —1eg €61 = €3
€,8, = €s e,es = (2af — 2 + 1)eg
ere, = (a + Zﬁz — 3B+ 1eg ese; = (2 —Pes
ese; = ((@—pB)(B —2p) + 1eg ese; = (@ —f + Des
ese; =(2a—-2af+28—1eg ese; = 2a—-2F+ 1eg
6 1 1
M=o (p-JC2T 6B —38D).8 %3
elel - 92 616’2 == 84 3163 - aes
eje, = fes + eg ejes = (2 —1eg €61 = €3
€,8, = €s e,es = (2af — 2 + 1)eg
exeq = (a + 2:82 =3B+ 1eg ese; = (2 —Pes — e
eze; = (@ —B)(3 —2B) + 1eg ese; = (@ —f +1es —eg
ese; =(2a—-2af+2L—1eg ese; =2a—-28+ 1eg
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Table A.5 — continued from previous page

Agz €161 = € €16, = é, e1e3 = €5+ €
e,e, = es + 2aeg ees = eg e,e; = e;
8262 - 65 + 0(66 6263 = 96 6234 = 96
e3e; = es ese, = eq ese; =es+ (1 —a)eg
3482 = 66 6561 == 66
A?3 €161 = € €16, = e, e1e3 = €5+ €
_> ejes = 2eq €261 = €3
e, = > e
e,e, = es e,e3 = eg e,e, = 2eq
— €362 = €¢ €461 = €¢
6361 -_ 565
€46) = €¢
6 _ _
Al €161 = € e1e; = e, _
3194 -_ _85
2
ees = 2eq e,e; = e; e,e, = es
8283 == _366 6264 == _266 _ 3
6361 -_ 585
8382 = _386 _ 1 6432 = 96
e,e; = 285
ese; = —4eg
6 _ _ _
Als €161 = € €16, = e, €163 = €¢
_ = ejes = 2eq €261 = €3
e, = > e
e,e, = es e,e3 = —3eg e,e, = —2e¢
3 e.e, = —3e 1
_ 3€2 — 6 e,eq =—-ec+ e
6361 - 565 4%1 2 5 6
€46y = €g ese; = —4eg ese; = eg
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Table A.5 — continued from previous page

ASq €161 = € €62 = €3 €163 = €4
e1e, = €es eies = eq e,e; = ez
€, = €, e,e3 = eg €,64 = €4
€361 = e, ez, = eg €363 = e
€461 = €s €46y = €4 ese; = eq

AL, €161 = € €162 = €3 €163 = €4
e1e, = €s e.65 = g e, = e3 + ¢eq
€, = €, e,e3 = eg €64 = €4
eze; = e, ez, = es €363 = e
€461 = €s €46y = €4 ese; = eq

ASq €161 = € €162 = €3 €163 = €4
e1e, = €es e.65 = e e,e = ez + es

e,e, = e, + 2eq e,e3 = eg e,e, = eg
ese; = ey + 3eq ese, = eg e;e3 = eg
€461 = €s €46y = €4 ese; = eq
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